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Abstract

These notes were compiled during and shortly after the 2019 European Talbot work-
shop on “Algebraic K-theory”, mentored by Benjamin Antieau and David Gepner.

Recent years have seen an explosion of both new theoretical results about algebraic K-
theory and the resolution of open problems and conjectures. The goal of this school will
be to explain the major advances in our understanding which have made this possible.
The key words we will discuss are descent, vanishing, excision, rigidity, and continuity. In
some more detail, we will discuss how invariant K-theory (the fiber of the cyclotomic trace
map) satisfies cdh-descent (see Talk 17 and [LT18, Corollary A.3]), the recent confirma-
tion of Weibel’s conjecture that the negative K-groups of a Noetherian scheme vanish
below its dimension (see Talk 18 and [KST18]), the excision results of weakly localizing
and truncating invariants (see Talks 9, 10, and 11, and [LT18, Theorem D]), the rigidity
of invariant connective K-theory of Henselian pairs with respect to nilpotent ideals (see
Talk 12 and [CMM18, Theorem A]), and the continuity of connective K-theory with re-
spect to complete rings with F -finite mod p reduction (see Talk 13 and [CMM18, Theorem
F]).

Any comments, corrections, or compliments may be sent to the organizers1.

1organisers@europeantalbot.org
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A few words

The European Talbot Workshop is a yearly (since 2015) gathering of around 25-30 graduate
students of topology, homotopy theory, and geometry, and two mentors (this year Ben Antieau
and David Gepner) with the purpose of understanding a some exciting (usually modern) math-
ematics. This year, the topic was simply “Algebraic K-theory”, and the theme was to try to
understand the “whats”, the “whys”, and the “where does this take us” of some recent semi-
nal work in the area by Dustin Clausen, Markus Land, Moritz Kerz, Akhil Mathew, Mathhew
Morrow, Florian Strunk, and Georg Tamme (see [CMM18], [KST18], and [LT18]).

On the first day, an overview of the week was given in Talk 1, we were shown our algebro-
geometric tools of study in Talk 2, introduced to the modern definition of K-theory as a
universal invariant in Talk 3, and reminded on some classical results, applications, and tech-
nics of K-theory in Talk 4. The day concluded with a short discussion and summary by Ben
and David.

On the second day, we saw the modern approach by Nikolaus-Scholze to THH and TC through
cyclotomic spectra in Talk 5, abstracted this approach to obtain a cyclotomic trace map in
Talk 6, were exposed to a (now) classical application of trace methods in the form of the
Dundas-Goodwillie-McCarthy theorem in Talk 7, and a computation of Hesselholt-Madsen
was recast using our modern approach to cyclotomic spectra in Talk 8. In the evening an
organized question and answer session was held, hosted by our mentors Ben and David.

On the third day, we learned of three of the main statements of Land-Tamme, first about the
image of excisive squares under weakly localizing invariant in Talk 9, then the main theorem
constructing pullback squares of K-theory spectra from pullback squares of E1-rings in Talk 9,
and a walk through generalizations to pro-pullback squares of pro-spectra in Talk 11. In the
afternoon we split up for either a visit to a nearby wildlife park, a walk, or a relax at the house.

On the forth day, the main results of Clausen-Mathew-Morrow were discussed and proofs
sketched in Talk 12, followed by two applications in the form of statements about continuity
of K-theory and TC in Talk 13, and vanishing of the mod p invariant K-theory of strictly
Henselian local rings of characteristic p in Talk 14, and the day was finished-off with a dis-
cussion about bounded p-torsion in relative K-theory groups following Geisser-Hesselholt in
Talk 15. This evening also held an organized question and answer session.

On the fifth and final day, another approach to bounded p-torsion in relative K-theory groups
using Land-Tamme was shown in Talk 16, truncating invariants and the fact they satisfy
cdh-descent was discussed in Talk 17, the conjecture of Weibel and the proof by Kerz-Strunk-
Tamme was explained in Talk 18, and the week was wrapped-up by show casing future direc-
tions one can explore in a post Clausen-Mathew-Morrow-Land-Tamme-world in Talk 19.

The live TeXing was mostly done by Lucy Yang with a little help from Jack Davies, and
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all of the talks were given by the participants (including our two mentors). Shaul Barkan and
Lucy Yang supplied much of the the TeX for their own talks, and Achim provided expanded
proofs and a lovely figure from his talk. Ran Azouri caught many typos in the first draft. The
editing was done by Jack Davies.

To produce a more coherent document, we will now state a few conventions that we will
follow (which might not have been exactly what the speakers used).

Conventions

It was safely assumed that the participants of the workshop has a working knowledge of (stable)
homotopy theory, algebraic geometry, and the language of ∞-categories.

Algebraic

• A nilpotent ideal is an ideal I ⊆ R of a ring R such that IN = 0 for some finite N ≥ 1.

• We will write Zp for the p-adic integers, Z(p) for the integers localized at the prime ideal
(p) ⊆ Z, Z[1/n] for the integers localized away from n, and Z/n for the quotient of the
integers by the ideal (n).

Higher categorical

• When we mention any constructions inside an ∞-category, then the language we choose
to use is that of Lurie, so [Lur09], [Lur17], [Lur18], etc.. This means, for example, a
limit in Sp can be modeled in the model category of orthogonal spectra by a homotopy
limit, and pushouts of ring spectra are implicitly derived.

• We will write E1 for A∞ following [Lur17].

• For an Abelian group A or discrete ring R, we will write A or R for the Eilenberg-
MacLane object in Sp. In the latter case R has a natural E1-algebra structure in Sp,
and if R is a commutative discrete ring, then R has an E∞-structure in Sp.

• The phrase “essentially unique” is a synonym for “unique up to a contractible space of
choices”.

• A functor F : Catst
∞ → D, where D is a stable ∞-category, will be called localizing if

it inverts Morita equivalences, preserves filtered colimits, and sends exact sequences to
(co)fiber sequences (see Definition 3.7). We say such a functor is weakly localizing if
it inverts Morita equivalences and sends exact sequences to (co)fiber sequences. We’ll
also consider these adjectives for functors from Catperf

∞ . This terminology follows that of
[BGT13] and not that of [LT18].
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Logical

• We have a beautiful triangle4 to represent the end of some of our proofs. This is because
some of the arguments we give in these notes are simply sketches, and so a degenerate
square, i.e., a triangle, is in order. Other than that, a sketch of a proof is an outline of
most of the details, but an idea of a proof is a statement of some of the details.

Notation

Ab category of Abelian groups.

Alg ∞-category of E1-rings.

Algcn ∞-category of connective E1-rings.

Cat∞ ∞-category of (small) ∞-categories.

Ĉat∞ ∞-category of (not necessarily small) ∞-categories (various decorations apply too).

Catst
∞ ∞-category of (small) stable ∞-categories and exact functors.

PrL ∞-category of (not necessarily small) presentable ∞-categories and colimit preserving
functors (various decorations apply too) (see[Lur09, Definition 5.5.3.1]).

PC(D) ∞-category presheaves on D with values in C, so ∞-functors from Dop → C. If C is
omitted, it is assumed to be S.

S ∞-category of spaces.

S∗ ∞-category of spaces under the point ∗.

Sp ∞-category of spectra (see [Lur17, Definition 1.4.3.1]).

Sp the circle groups {z ∈ C | |z| = 1} ' S1 ' SO(2).

Cω the (ω-) compact objects of an ∞-category C (see [Lur09, Definition 5.3.4.5]).
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1 Overview (David Gepner)

Goal 1.1. In this workshop we want to understand algebro-geometric objects (co)homologically.

To this end we can use various theories such as K-theory, TC, THH, HH, in decreasing order
of difficulty. Our immediate goal though, is to understand (relative) K-theory of closed im-
mersions.

Suppose we have a closed immersion of schemes Z ↪→ X with complement U = X \ Z.
Then by taking the fiber of the map on K-theory induced by j : U → X one obtain a fiber
sequence

K(X onZ) K(X) K(U)

K(Z)

j∗

6' in general

In the affine case we do have a type of rigidity theorem, which can be found in [Sus83] and
[Gab92].

Theorem 1.2 (Suslin, Gabber). Let R commutative ring and I ⊆ R an ideal such that (R, I)
Henselian pair. If n ∈ R× then the induced map

K(R)/n
∼−→ K(R/I)/n

is an equivalence.

In other words, K-theory is insensitive to the ideal I (modulo n). Another theorem about the
general structure of K-theory is the following result from [DGM13] (and also summarised in
Talk 7 [Ras18]).

Theorem 1.3 (Dundas-Goodwillie-McCarthy). Suppose R → R′ is a map of connective E1-
rings whose kernel in π0R is nilpotent. Then the right square is a pullback of spectra,

K inv(R) K(R) TC(R)

K inv(R′) K(R′) TC(R′)

' ,

or equivalently, the induced map on the fiber of the cyclotomic trace K → TC (denoted as
K inv) is an equivalence.

In other words, K inv is nil-invariant (hence the name), i.e., it cannot distinguish nil-immersions.
A common summary of these two theorems in the following theorem of Clausen-Mathew-
Morrow.

Theorem 1.4 ([CMM18, Theorem A]). Let (R, I) Henselian pair. Then for any n the natural
map

K inv(R)/n
∼−→ K inv(R/I)/n

1



is an equivalence of spectra.

Why is this an impressive result? In theory, in order to compute K-theory (up to a descent
spectral sequence), just need to know its value on Henselian local rings (stalks for the Nis-
nevich topology). Working only with finite coefficients and using TC, we have now reduced
our problem to one of computing the K-theory of fields.

Let R be an E1-ring. We have an obvious map

BGLm(R)×BLn(R)→ BGLn+m(R),

which endows BGL∞(R) with an E∞-monoid structure. Suppose now for simplicity that R
is a discrete commutative local ring2. Homotopy group completion gives us a group-like E∞-
space, also a connective spectrum Kcn(R). What is this “homotopy group completion”? If
M an E∞-monoid, then one can model its group completion by ΩBM (this is a spectrum as
we assumed M is an E∞-monoid). This wasn’t the first definition though. Originally, Quillen
defined the algebraic K-theory of ring in terms of an explicit construction called the plus
construction. It just so happens that the plus construction also “homotopy group completes”,
in the sense that we have an equivalence

Kcn(R)
∼−→ K0(R)×BGL∞(R)+.

Quillen computes (in [Qui72]) the K-theory of a finite field using this explicit plus construc-
tion.3

Remark 1.5. Basically everything else we know about explicit computation of K-theory come
from infinitesimal variations on this theme (and perhaps K(Z) modulo the Vandiver conjec-
ture).

To make more K-theory computations we need to use either trace methods or categorical
methods.

1.1 Trace methods

One usually defines Hochschild homology as HH(R/k) := R ⊗R⊗kRop R, which happens to
be computable by the cyclic bar construction, a variant of the bar construction with a cyclic
twist (the differential “wraps around”),

HH(R/k) := |Bcyc(R/k)| = |R←−←− R⊗k R←−←−←− · · · |.
2Everything we are about to do works for an E1-ring, but then we would have use talk about K-theory of

free modules rather than projective. In this sense, the following works as-per-usual for K-theory of local rings
as in this case projective is equivalent to free.

3This calculation is quite detailed and difficult, relying on homological stability of GLn of finite fields. See
Talk 4 and [Qui72].
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This cyclic bar construction is supposed to mimic the fact that S1 is equivalent to the geometric
realization of the following simplicial set,

{0} ←−←− {0, 1} ←−←−←− {0, 1, 2} · · · ,

from which we see that the circle group T acts on HH(R/k). If k = S in this picture, then
we write HH(R/k) = THH(R). If R is an E∞-ring, then THH(R) ' S1 ⊗ R ' R ⊗R⊗R R,
i.e., it can be defined as the following pushout square of E∞-rings

R⊗R R

R THH(R)

,

which is the E∞-ring version of the pushout square of spaces

S0 ∗

∗ S1

.

So long as R is connective, there is a trace map connecting K-theory to THH,

K(R) THH(R)

⊔
[P ]BAutR(P )

.

This can be built by considering the composition

BAutR(P )→ BcycAutR(P )→ BcycEndR(P ) ' BcycR ' THH(R),

and then taking the trace to be the sum of these maps over [P ], which clearly factors through
the group completion, i.e., K(R). As THH(R) has an T-action, and K(R) has no (natural)
T-action, then this Dennis trace factors through a map into the homotopy fixed points of
THH(R), which further facts through a map we call the cyclotomic trace,

K THHhT = TC−

TC
cyclotomic trace

.

The power of trace methods is based on the strength of the relationship between K-theory
and this undefined functor TC, known as topological cyclic homology, via this cyclotomic trace
map. The other approach we’ve alluded to are categorical methods.
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1.2 Categorical methods

Question 1.6. Can we manipulate the categories on which K-theory is defined?

One of the most useful features of K-theory is that it’s defined in absurd generality (the most
general input is the ∞-category of Waldhausen ∞-categories, see [Bar16], although we will be
content with stable ∞-categories). We want to think about K-theory as a functor

K : Catst
∞ → Sp.

Note that this functor is not always going to land in connective spectra (we’ll call that object
connective K-theory and denote it by Kcn). To obtain the K-theory of rings, algebras, and
schemes that we are used to, we simply need to insert a category of perfect modules into this
very general machinery. We use perfect objects (which one might also called (ω-) compact
objects) because the Eilenberg swindle (see [Wei13, Section I.2.8]) says larger categories (such
as categories of all modules) will always have trivial K-theory.

The∞-category Catst
∞ of stable∞-categories is not a full subcategory of Cat∞ (as we consider

exact functors between stable∞-categories in Catst
∞), but we do want to study Catperf

∞ ⊆ Catst
∞,

which is defined as the full subcategory of stable∞-categories which are idempotent complete4.

Example 1.7. Almost by definition the category of projective modules is idempotent complete,
but the category of free modules is generally not.

Waldhausen tells us how to compute connective K-theory of idempotent complete stable ∞-
categories using his S•-construction5, Kcn(C) = |(S•C)'|, where the S•C is given by

S•C '
{

0←−←− C∆0 ←−←−←− C
∆1 · · ·

}
,

where the three maps C∆1 → C∆0
are given by domain, codomain, and cofiber. One notes that

this S•-construction splits exact sequences. There is another way to think about this: We can
simply try to further (higher) categorify the concept first the process of

“[Abelian] group completion + splitting exact sequences”.

Higher categorical version of an Abelian group is a spectrum, and we end up with the following
composition, which aims to define the K-theory of an idempotent complete stable∞-category,

Catperf
∞

Yoneda−−−−→ P (Catperf,ω
∞ )

stabilize−−−−−→ PSp(Catperf,ω
∞ )

localize−−−−→ PSp(Catperf,ω
∞ )/ ∼

where the final relation is modding out by exact sequences, so the last arrow means, first
restrict to F such that F (A) → F (B) → F (C) for any exact sequence of stable ∞-categories
A ↪→ B � C ' B/A a(ny) Verdier localization sequence. These ideas will come up again in
Talk 3.

4Recall that a stable ∞-category C is idempotent complete if all maps e : X → X in C with e2 ' e have a
splitting (see [Lur09, Section 5.1.4] for more details.)

5Pronounced “s-dot construction”.
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Set Mloc = PSp(Catperf,ω
∞ )/ ∼ (this will come up again in Theorem 3.8), K-theory is corep-

resented by the Yoneda image of the compact objects of Sp, so Spω = PerfS (which we will
mention again in Theorem 3.9). This construction naturally gives us non-connective K-theory,
but one can also construct the negative K-groups of a stable∞-category C by hand. One sim-
ply sets K−1(C) = K0(Sus(C)), where the cofiber of C ↪→ Cone(C) ' Ind(C) can be taken as a
model of the suspension Sus(C) (indeed, as Ind6 adds arbitrary filtered colimits to C, then it
is large enough for us to calculate that its K-theory is trivial by the Eilenberg swindle).

This categorical point-of-view can be used to study so-called localization sequences, which
often results from studying the following pullback or lax-pullback of ∞-categories (to be seen
again in Talk 9),

A B A
→
×C B B

0 C A C

loc
.

Studying the above pullback and lax-pullback diagrams is how Land and Tamme obtain many
of their excision results found in [LT18]. The general philosophy of localization in K-theory
started with Quillen. For example, one has the following fiber sequences of spectra,

K(Fp)→ K(Z(p))→ K(Q).

This result is obtained by studying the following functors,

ModFp ↪→Modp−tors
Z(p)

→ ModZ(p)
→ ModQ,

where Modp−tors
Z(p) can be calculated to be exactly the 1-categorical kernel of the induced map

ModZ(p)
→ ModQ. The fact the functor ModFp ↪→ Modp−tors

Z(p)
is fully faithful is some sort

of “accident” of the 1-categorical world. We can also study localization sequences higher
categorically7 with a little more work.

Example 1.8. Let R an E∞-ring (doesn’t need to be connective) and f ∈ πdR, then we have
the following fiber sequence of ∞-categories,

PerfEndR(R/f) ' Perff−tors
R → PerfR → PerfR[f−1]

where EndR(R/f) is equivalent (as a spectrum) to R⊕ Σd−1R.

Land and Tamme extend this idea further.

6Recall the definition of Ind from [Lur09, Section 5.3].
7The classical Dévissage theorem of Quillen is replaced by theorem of the heart (see Theorem 4.14).
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Theorem 1.9 ([LT18, Main Theorem]). Consider the following pullback square of E1-rings

A B

A′ B′

. (1.10)

There is a localization sequence PerfA → PerfA′ ⊗PerfB′ PerfB → Perf
A′�B′A B

, where the un-

derlying spectrum is A′ �B′A B ' A′ ⊗A B.

A little more work by Land and Tamme gives us an explicit statement on K-theory.

Corollary 1.11 ([LT18, Theorem A]). Given pullback square (1.10) of E1-rings where A,A′, B,B′

connective and the natural map A′ ⊗A B → B′ is n-connective, then

K(A) K(B)

K(A′) K(B′)

is n-cartesian.

These last two results will be the focus of Talks 9, 10, and 11.
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2 Algebraic geometry for algebraic topologists (Shaul Barkan)

We want to discuss categories on which we can sensibly define sheaves. We are going to do
that in two different ways: with pretopologies and with cd-structures.

Pretopologies τ̃ Shτ̃

Grothendieck Topologies τ Shτ

cd-structures P ExP

The about diagram is supposed to indicate that pretopologies and cd-structures give rise
to Grothendieck topologies, and that all of these structures give us notions of sheaves (or
sometimes equivalently, excisive functors) which are also compatible in the obvious way. All
of the three structures above have their pros and cons: Pretopologies are somehow the natural
way one generalizes sheaf theory on a topological space to sheaves on a category, and are
useful for computational purposes, however, two pretopologies can give rise to the same sheaf
category. Grothendieck topologies are abstract, less intuitive, and the sheaf condition is a little
tautological which is not always helpful in computation, but they remember only the essential
information and are useful in proving structural theorems. Lastly, cd-structures are a different
way to obtain Grothendieck topologies, and can be very useful for computations, especially in
a higher categorical setting.

Assumptions 2.1. Throughout this talk, C a 1-category. If we treat it as an ∞-category,
then we have implicitly taken the nerve. When an ∞-category is discussed, we will give it an
underline.

2.1 (Pre)topologies and cd-structures

Definition 2.2. A pretopology τ̃ on C is a collection of families of morphisms in C, {Ui → X}
such that

1. isomorphisms {X ′ ∼−→ X} are covering families,

2. if {Ui → X} is a covering family and X → Y a map in C, then the base change
{Ui ×X Y → Y } is a covering family, and

3. given a covering family {Ui → X} and a family of covering families {Uij → Ui}, then
{Uij → Ui → X}i,j defines a covering family.

A presheaf F : Cop → Set is a sheaf if for all covering families {Ui → X} in τ̃ the diagram

F (X)→
∏
i

F (Ui) −→−→
∏
i,j

F (Ui ×X Uj)

7



is an equalizer in C.

There are examples of these pretopologies that are of critical interest to us, and they all
involves similar categories C as input. Let C be the category of affine schemes, schemes over a
fixed scheme S, algebraic stacks over S, smooth schemes over S, etc..

Definition 2.3. For C as above, we have the following covering families, which give rise to
pretopologies of the same name. A family of maps {Ui → X} is:

1. a Zariski cover if each map Ui → X is an open immersion and the family is jointly
surjective.8

2. an étale cover if each map Ui → X is étale and the family is jointly surjective.

3. a Nisnevich cover if each map Ui → X is étale and for all Spec k → X, for all fields k,
there exists i and a (not necessarily unique) lift in the following diagram,

Ui

Specκ X

The category of (Zariski, étale, Nisnevich) sheaves on C is the full subcategory of Fun(Cop, Set)
of sheaves with respect to the (Zariski, étale, Nisnevich) topology.

Construction 2.4. For a covering family {Ui → X}, we will write U for the presheaf
∐
i y(Ui),

where y indicates the Yoneda embedding. By definition, a presheaf F is a sheaf if Hom(−, F )
it sends

U ×Y (X) U −→−→ U → Y (X)

to equalizers, and this is in turn equivalent to saying that F sends morphisms of the form

coeq(U ×Y (X) U −→−→ U)→ Y (X)

to equivalences. This facilitates the intuititve idea that F views X as glued from the open sets
Ui along their intersections “Ui ∩ Uj”, which we of course formalise to Ui ×X Uj .

Definition 2.5. The collection J(X) of all monomorphisms of the above form are the covering
sieves of X for the pretopology τ̃ . We write τ = {J(X)}X∈C data of all covering sieves for
all objects X in C, which is the Grothendieck topology9 generated by the pretopology τ̃ . We

8A family of maps of schemes {Ui → X} is jointly surjective if
∐
i Ui → X is a surjective map of sets.

9The definition of a Grothendieck topology was not given in the lecture, as we only really care about the
sheaves on such an object, which we can alternatively obtain by pretopologies or cd-structures. For these notes
though we record a definition. A Grothendieck topology on a category C assigns to every object X ∈ C a
collection of sieves J(X) (a collection of subfunctors of y(X)), called covering sieves such that the following
three conditions hold.

1. If S ∈ J(X) and f : Y → X is a morphism in C, then f∗S is in J(Y ).

2. If S ∈ J(X) and T ↪→ y(X) is an sieve. Then, if for all morphisms factoring through S, meaning
y(Y )→ S → y(X), the pullback is a covering sieve y(Y )×y(C) T in J(Y ), then T is a covering sieve.

8



write Shτ (C) ⊆ P (C) for the full subcategory generated by the presheaves F such that the
monomorphisms A ↪→ Y (X) in J(X) are send to equivalences F (X)

∼−→ F (A).

There are other ways one can generate Grothendieck topologies.

Definition 2.6. A cd (“completely decomposed”) structure P on C is a collection of squares

A Y

B X

p

e

(2.7)

which are closed under isomorphism (of commutative squares). Given such a P , define the
associated Grothendieck topology τP to be the minimal Grothendieck topology such that

1. for all X ∈ C and all squares (2.7) in P , then the sieve {Y p−→ X,B
e−→ X} is a covering

sieve (this notation means that sieve corresponding to the union of the images im(y(B))∪
im(y(Y )) ⊆ y(X)),10 and

2. the empty sieve covers the initial object ∅ (this forces all sheaves to satisfy F (∅) = ∗,
where ∗ is the terminal object, which we expect).

Some of our favourite topologies from Definition 2.3 can alternatively be described as coming
from cd-structure.

Example 2.8. 1. A Zariski square is one of the form

U ×X V U

V X = U ∪ V

π

j

, (2.9)

where π and j are both open immersions.

2. A Nisnevich square is one of the form (2.9) where j is an open immersion, and π is étale
and is single sheeted on the compliment of V , so one has an isomorphism π−1(X \V )

∼−→
X \ V .

3. A cdh square (to appear again in Definition 17.4) is either a Nisnevich square or a square
of the form

E Y

Z X

π

j

,

where now π is simply proper, j is a closed immersion, and we have an isomorphism
Y \E = π−1(X \Z)

∼−→ X \Z. This is an example of a cd-structure giving a Grothendieck
topology that (to our knowledge) does not come from a pretopology.

3. For all X in C we have idX ∈ J(X).

10A priori this notion is confusing (as most are) as there seems to be no dependence on A! This will become
obvious in Example 2.8. The value A should be viewed as a placeholder for now.
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It is worth noting that we never claimed here to define a cd-structure corresponding to the
étale pretopology, and indeed we think that cannot be done. The thinking in these examples
is that cd-structures are encoding exactly what type of excision we want our sheaves to satisfy.

Definition 2.10. Let (C, P ) be a cd-structure on C. A presheaf F : Cop → Set is P -excisive if
F sends P -squares to pullback squares and F (∅) ' ∗.

For nice cd-structures this excision condition is equivalent to descent for the associated Grothendieck
topology (we will discuss this a little more later). For now we want to start to generalize ev-
erything to ∞-categories.

2.2 ∞-sheaves and hypercompleteness

For a given category C, one can show the set of Grothendieck topologies of C is in one-to-one
correspondence with left localization of P (C).11

Definition 2.11. A left exact localization of P (C) is called a 1-topos.

Soon we will define ∞-topoi, and since neither is an example of the other, we will keep the
numbering strict. We want to emphasize again that C is a 1-category, despite appearing in
many ∞-categorical constructions to come.

Definition 2.12. We denote by P (C) the ∞-category of functors F : Cop → S.

Note that although a functor from an∞-category to a 1-category always factors through its 1-
truncation, mapping into an∞-category typically requires supplying an unbounded amount of
data! Hence, the above notion is far from trivial even though C is a 1-category. The notions of
a pretopology, a Grothendieck topology, a cd-structure, and sheaves on these objects now have
the obvious higher categorical interpretations. There is a fully faithful functor P (C)→ P (C),
which has a left adjoint exhibiting P (C) as the full subcategory of 0-truncated presheaves.

Definition 2.13. An ∞-sheaf for a Grothendieck topology τ on C is a presheaf F : Cop → S
such that F takes, for each y(X) in J(X) and each A ↪→ y(X), to an equivalence

F (X) ' MapC(y(X), F )
'−→ MapC(A,F ).

This gives us a left exact localization

Shτ (C) ⊆ P (C).

We define an ∞-topos to be a left exact localization of P (C) for some category C.

Remark 2.14. Unlike the case for 1-topoi, there are ∞-topoi which cannot be identified with
the category of sheaves for any Grothendieck topology!

11A functor R : C → D is a left exact localization if R is fully faithful and has a left adjoint L which preserves
all finite limits. The same goes for ∞-categories.
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Let C be a (1-) category equipped with a pretopology τ̃ , and consider a covering family
{Ui → X} and the presheaf U from Construction 2.4. Then, working in the ∞-category
of ∞-presheaves, the natural map

coeq(U ×y(X) U −→−→ U)→ y(X)

is no longer a monomorphism (note this colimit is computed in the ∞-category P (C) which
is why we obtain a different answer to before). In particular, it’s not a covering sieve! The
remedy for this is to consider the colimit of the entire Čech nerve of {Ui → X}.

Proposition 2.15 ([AHW17, Lemma 3.1.3]). Let C be a (1-) category with a Grothendieck
topology coming from a pretopology τ̃ . A presheaf F is an ∞-sheaf for this pretopology if for
every covering family {Ui → X} of τ̃ ,

F (X)→

∏
i

F (Ui) −→−→
∏
i,j

F (Ui ×X Uj)
−→−→−→

∏
i,j,k

F (Ui ×X Uj ×X Uk) · · ·


is an (∞-) limit diagram.

This is not a hard statement to prove, but the corresponding statement for cd-structure is
difficult, and relies on work of Voevodsky (although simpler proofs have since been given by
Asok-Hoyois-Wendt, see [AHW17, Theorem 3.2.5]).

Theorem 2.16 (Voevodsky). Let C be a (1-) category with a cd-structure P satisfying the
following two sets of conditions. First, the “completeness” conditions.

1. All morphisms to ∅ are isomorphisms.

2. Pullbacks of P -squares exist and are themselves P -squares.

Second, the “regularity” conditions.

1. All P -squares are cartesian.

2. In every P -square, at least one of right or bottom morphisms is a monomorphism.

3. If the first of the following two squares is in P , then so is the second.12

A Y

B X

A Y

A×B A Y ×X Y

In this case, a presheaf F is τP -sheaf if and only if F is P -excisive.

The idea of the proof is that the completeness hypotheses give one direction, and regularity
the other. This theorem is quite powerful, because it can be much easier to check that a

12This condition was called “Weird”.
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square is Cartesian than to calculate the totalization of some complicated cosimplicial object
for every covering family. We will encounter everything we have discussed so far today later
in the week, but for now we would like to discuss hypercompleteness, and in particular, show
that the ∞-topos of Nisnevich sheaves over a nice scheme is hypercomplete.

Definition 2.17. A morphism Y → X in an ∞-topos X is said to be n-connected if a lift
always an essentially unique exists in the following diagram,

Sn X

∗ Y

where S0 = ∗ t ∗ coproduct of terminal object with itself, and higher spheres are defined
iteratively as Sn+1 = ∗ ∪Sn ∗, which we can do as ∞-topoi are cocomplete. The precise
statement here is that the natural map of mapping spaces

MapX(∗, X)
'−→ MapX(∗, Y )×MapX(Sn,Y ) MapX(Sn, X)

is an equivalence. A map is ∞-connected if it is n-connected for all n.

One can check this definition is equivalent to our usual intuition when X is the ∞-category of
spaces.

Example 2.18. A map X → Y in S is n-connected if induced map on πk is iso for k < n, epi
for k = n.

Definition 2.19. An ∞-topos is hypercomplete if ∞-connected implies equivalence.

Theorem 2.20 (Voevodsky). ShNis(SmS) is hypercomplete, where S is a Noetherian and
qcqs13 scheme.

This statement will be a consequence of the following standard argument.

Definition 2.21. An ∞-topos X has homotopy dimension ≤ n if there exists a section for
any (n− 1)-connected map X → ∗.

Like most higher categorical definitions, it specialises to something more familiar when we
work over the ∞-category of spaces.

Example 2.22. The slice topos S/X has homotopy dimension ≤ n if and only if X is a retract
of a CW complex with cells of dimension ≤ n (see [Lur09, Example 7.2.1.4]).

The reason why we care about∞-topoi with finite homotopy dimension is the following result
of Jardine (see [Lur09, Corollary 7.2.1.12]).

Theorem 2.23. If an ∞-topos X is of finite homotopy dimension, then X is hypercomplete.

Hence is remains to show the following is true.

13See the answer to Question 8.12.
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Theorem 2.24 (Voevodsky). The∞-topos of sheaves on the Nisnevich site of smooth schemes
over a Noetherian qcqs scheme S has homotopy dimension less than or equal to the Krull
dimension of S.

This is famously a theorem of Voevodsky, but for now our reference is [Lur18, Theorem 3.7.7.1].
It is a very recent result that Theorem 2.20 also holds when S is not necessarily a Noetherian
scheme (see [CM19, Theorem 3.17]).

Warning 2.25. It is not true that all ∞-topoi of étale sheaves are hypercomplete.

Remark 2.26. Ben mentioned this important point. When one works with sheaves, one wants
to say that a map inducing equivalences on all stalks is a global equivalence. This is just
simply not true in general for ∞-sheaves, but hypercompleteness allows us to do this, using
local-to-global spectral sequences and similar tools.
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3 Definition of Algebraic K theory and semi-orthogonal de-
composition (Herman Rohrbach)

This workshop is supposed to be on algebraic K-theory, but we haven’t actually given a
definition yet. This will not be so hard (using higher categorical language and quoting a big
theorem) and by the end of this talk we show K-theory satisfies Nisnevich descent too.

3.1 Higher categorical constructions

There is a 1-categorical adjunction14

CMon Ab
K

a
,

where the left-hand side is the (1-) category of commutative monoids and monoid homomor-
phisms, and the right-hand side the (1-) category of Abelian groups and group homomorphisms.
The left adjoint is the obvious inclusion, and the right adjoint K is the group completion func-
tor, which sends a commutative monoid M to its Grothendieck group completion (as seen in
the definition of K0, see [Wei13, Chapter II.1]). This generalizes to the ∞-categorical setting
as

CMon∞(S) AbGrp∞(S)

K

a , (3.1)

where the left-hand side is equivalent to the∞-category of E∞-objects in S (with the Cartesian
monoidal structure), and the right-hand side to the ∞-category of E∞-objects of S (again
with the Cartesian monoidal structure) which are group-like, so their π0 with the induced
commutative monoid structure are in fact Abelian groups. The left adjoint is again the obvious
embedding, and the right adjoint now gets the obvious, but important name.

Definition 3.2. We will call the right adjoint K of (3.1) the ∞-group completion.

As mentioned in Talk 1 we can model K(M), where M is an E∞-space as ΩBM . Alterna-
tively, if I is a well-ordered collection of generators of M , we can also model K(M) by first
constructing

Mm = colim
(
M

λm−−→M
λm−−→ · · ·

)
for each m ∈M , and then setting

M∞ = colim S⊆IMS .

It then follows that (M∞)+ ' (M+)∞ ' K(M). The classical reference to this material is
[May74] and a modern reference [BT15, Section 2.1]. Let’s move onto a little more higher
category theory now.

14There was some arguments about the presentation of adjunctions, but we have fallen back into tradition
here: the upper arrow of an adjunction will always be the left adjoint and the lower arrow the right adjoint.
Apologies to those who consider this a violation.
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Definition 3.3. Let C an ∞-category.

1. We say C is pointed if it has a zero object, i.e., there exists an object 0 ∈ C such that 0
is both initial and final.15

2. A triangle in a pointed ∞-category C is a square ∆1 ×∆1 → C

X Y

0 Z

f

g (3.4)

with the zero object in the bottom left corner.

3. A triangle (3.4) is (co)fiber sequence if it is (co)cartesian.

4. An ∞-category C is stable if

(a) it is pointed,

(b) it admits fibers16, and

(c) a triangle is a fiber sequence if and only if it is a cofiber sequence.

5. A functor F : C → D between stable∞-categories is exact if it preserves finite limits and
finite colimits.17

6. Let Catst
∞ be the subcategory of Cat∞ of stable ∞-categories and exact functors. One

can show Catst
∞ itself is a stable ∞-category. Let Catperf

∞ ⊆ Catst
∞ full subcategory of

idempotent complete ∞-categories.

As with most of our constructions, stable ∞-categories and idempotent stable ∞-categories
sit in an adjunction.

Proposition 3.5. There is an adjunction

Catst
∞ Catperf

∞U

Idem(−)

Proof. This is essentially formal, and the most important point is contained in the proof of
[Lur17, Corollary 1.1.3.7], which reminds us that Idem(C), the idempotent completion of C,
can be identified with the full subcategory of Ind(C) which is closed under shifts and finite
colimits.

We can now play the same games we used to play with modules categories with stable ∞-
categories.

15Equivalently, the natural map ∅→ ∗ from the initial object to the final object is an equivalence.
16This means, for each map g : Y → Z in C there is a Cartesian square of the form (3.4).
17By [Lur17, Proposition 1.1.4.1] this is equivalent to F simply preserving finite colimits or finite limits.
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Definition 3.6. LetA F−→ B G−→ C be a sequence of exact functors between stable∞-categories.

1. We say F is a Morita equivalence if Idem(F ) is an equivalence of ∞-categories.

2. The sequence A F−→ B G−→ C is exact if

(a) the functor F is fully faithful,

(b) the composite G ◦ F ' 0, and

(c) inside Catperf
∞ we have C ' B/A.18

3. A sequence is split if there are functors F ′ and G′, right adjoints to F and G, respectively,

A B C
F

F ′

G

G′
,

such that F ′F ' id and GG′ ' id.

4. A sequence in Catst
∞ is exact if its image under Idem is exact in Catperf

∞

We will study these types of sequences of stable ∞-categories through invariants, which will
be some nice kind of functor E : Catst

∞ → D.

Definition 3.7. Consider a functor E : Catst
∞ → D, where D presentable stable ∞-category,

which we call an invariant.

1. The invariant E is additive if it

(a) inverts morita equivalences,

(b) preserves filtered colimits (sometimes called “continuity”)19, and

(c) sends split exact sequences to split (co)fiber sequences.

2. The invariant E is localizing if it

(a) inverts morita equivalences,

(b) preserves filtered colimits (“continuity”),20 and

(c) sends all exact sequences to (co)fiber sequences.

The facts that connective K-theory is additive can be seen as resulting from Waldhausen’s
S•-construction (see [Wal85]) and that non-connective K-theory is a localizing invariant from
[Nee92], but we will have a more canonical definition.

18If this quotient is taken inside Catst
∞ then we would require that B/A ' IdemC. If we are working in Catperf

∞
this idempotent completion is implicit.

19The fact this is often called “continuity” is unfortunate (we prefer words like “finitary”).
20Land and Tamme (and us in later talks) omit this “preserves filtered colimits” condition from their defi-

nition of localizing invariant.
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3.2 Our definition of K-theory

Now for our definition of K-theory, which will come via the universal characterisations of
Blumberg-Gepner-Tabuada. First we have a universality statement for additive and localizing
invariants.

Theorem 3.8 ([BGT13, Theorem 1.1]). There are (initial) universal additive and localizing
invariants,

Uadd : Catst
∞ →Madd Uloc : Catst

∞ →Mloc

where Madd,Mloc stable presentable ∞-categories.

This then relates to K-theory (both connective and non-connective) as follows.

Theorem 3.9 ([BGT13, Theorem 1.3]). Let A ∈ Catperf
∞ small. Then there exists natural

equivalences

mapMadd
(Uadd(Spω),Uadd(A)) ' Kcn(A)

mapMloc
(Uloc(Spω),Uloc(A)) ' K(A) .

of mapping spectra (as the∞-categoriesMadd andMloc are stable∞-categories), where Spω =
PerfS is the small stable ∞-category of compact spectra.

This second theorem is essentially telling us that our definitions about using group comple-
tions, Quillen’s plus construction, and later Waldhausen’s S•-construction satisfy the universal
properties indicated in Theorem 3.8. For us though, the above universal characterisation can
be our definition. Using this characterisation we can show the classical result of Thomason-
Trobaugh that (non-connective) K-theory satisfies Nisnevich descent.

Theorem 3.10 ([TT90]). K-theory satisfies Nisnevich descent.

The original theorem appears in [TT90], however, we can give a more modern proof using our
definition of (non-connective) K-theory.

Proof. From Example 2.8 and Theorem 2.16, it suffices to check descent for Nisnevich squares,
i.e., give the first (Nisnevich) square below (where j is an open immersion, π is étale, there is
an isomorphism π−1(X \ U) ' X \ U , and the square itself is a Cartesian square of schemes),
we want to check the second square is a homotopy pullback

W V

U X

,

K(X) K(V )

K(U) K(W )

ϕ ψ

This is equivalent to showing that the canonical map

δ : K(X)→ K(U)×K(W ) K(V ) =: F

17



is an equivalence. Let Z = X \ U be the closed subscheme defined by the complement of U .
We then have exact sequences of stable ∞-categories (notice the positions of U and V [resp.
X and W ] have swapped)

Perf(X onZ) Perf(X) Perf(U)

Perf(V onZ) Perf(V ) Perf(W )

' .

The left arrow is an equivalence as π is an isomorphism on Z. As (non-connective) K-theory
is a localizing invariant (as the universal localizing invariant), we obtain cofiber sequences of
spectra

fib(ϕ) K(X) K(U)

fib(ψ) K(V ) K(W )

f .

The fact Perf(X onZ)
'−→ Perf(V onZ) is an equivalence of ∞-categories implies that f is an

equivalence of spectra. One now contemplates the following diagram of spectra.

fib(ϕ) K(X)

fib(ψ) F K(V )

0 K(U) K(W )

f δ

ψ

The lower-right square is a pullback by construction and similarly the lower rectangle is a
pullback, hence the lower-left square is a pullback. The composite K(X) → F → K(U) is
simply ϕ by the universality of factoring through the fiber F , hence the left rectangle is a
pullback also, and this implies that the upper-left square is a pullback. As Sp is a stable
∞-category the upper-left square is a also a pushout, and the fact f is an equivalence then
implies δ is an equivalence.

Remark 3.11. The only fact we have used about K-theory here is that it is a localizing invari-
ant. The proof of Theorem 3.10 then, in essence, shows that all localizing invariants satisfy
Nisnevich descent.
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4 Classical results (Fabian Henneke)

Here we will cover some classical thoughts behind algebraic K-theory. This will include some
of the foundational constructions and calculations of Quillen, Waldhausen, and others, and
how these stories are told in the higher categorical world.

4.1 Classical constructions

The original construction by Quillen of (connective) algebraic K-theory used the plus con-
struction.

Construction 4.1. Let R be a discrete ring. Then we can define the nth K-group of R as

Kcn
n (R) = πn(BGL(R)+ ×K0(R)).

We will use this to sketch a proof of Quillen’s calculation of K-groups of finite fields.

Another construction is Quillen’s Q-construction.

Construction 4.2. Given a (small) Abelian category A, or more generally an exact category
E , then the Q-construction gives us a space QE , which we then have to homotopy group
complete, from which one obtains

Kcn
n (E) := πn(ΩBQE).

Definition 4.3. An exact category is a full additive subcategory of an Abelian category that
is also closed under extensions.

Example 4.4. Our main example, and the example that recovers the plus construction definition
of algebraic K-theory is when E is category of finitely generated projective modules over a
ring.

These constructions can be found in more detail in [Qui10]. In this seminal work, Quillen
also uses this Q-construction is prove his famous Dévissage theorem, which literally trans-
lates to “divide-and-conquer” or some sort of general method that can be employed to make
calculations. One can find the theorem below in [Qui10, Section 5].

Theorem 4.5 (Dévissage). Consider i : A → B an exact21 inclusion of a full Abelian subcat-
egory. In addition, assume that

• the subscategory A is closed under subobjects and quotients, and that

• every object B ∈ B has a finite filtration 0 = B0 ⊆ · · · ⊆ Bn = B with filtration quotients
Bi/Bi−1 ∈ A.

21It is crucial to note here that here an exact inclusion of a full Abelian subcategory does not imply that A
is closed under extensions.
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Then the natural map
Kcn
∗ (A)

'−→ Kcn
∗ (B)

is an equivalences

Let us give a simple application of this Dévissage theorem. SupposeA an Abelian category such
that every object has finite length, for example, modules over a PID. ThenKcn

∗ (Ass)
'−→ Kcn

∗ (A)
where Ass is the full subcategory of A spanned by the semisimple objects. This implies that

Kcn
∗ (Ass) '

⊕
[S] simple

Kcn
∗ (EndA(S)),

where the above sum is taken over isomorphism classes of simple objects S of A, and we also
know EndA(S) is a division ring by Schur’s lemma. As a particular case, we have

Kcn
∗ (Modfg−tors

Z ) '
⊕

p prime

Kcn
∗ (Fp),

where Modfg−tors
Z is the full subcategory of Ab spanned by the finitely generated torsion Abelian

groups. Let us move our attention now to localization sequences.

Let A ⊆ B an inclusion of Abelian categories22 where A a Serre subcategory23 of B. Then
there exists a unique exact functor B q−→ B/A such that for any exact functor T : B → C such
that T (A) ' 0 for all A in A, there is a unique exact T ′ : B/A → C such that T = T ′ ◦ q.
There is then the following localisation theorem of Quillen (see [Qui10, Section 5]).

Theorem 4.6 (Localization). Let A ⊆ B Serre subcategory of B. Then we have a fiber
sequence of K-theory spaces

Kcn(A)→ Kcn(B)→ Kcn(B/A).

There is also a simple application of the above localization theorem. Let R be a Noetherian
ring, and S a multiplicatively closed, central subset. Then the full subcategory of Modfg

R of

finitely generated S-torsion R-modules, Modfg−S−tors
R is a Serre subcategory. One then works a

little and shows (essentially from the universal property of localisation) that we have a natural
equivalence

Modfg
R/Modfg−S−tors

R ' Modfg
R[S−1]

.

In the simplest case when S = {sm} is generated by a single element s ∈ R, then we have the
following fiber sequence

Kcn
(

Modfg−S−tors
R

)
Kcn

(
Modfg

R

)
Kcn

(
Modfg

R[S−1]

)
(4.7)

22Editors note: I changed the order of A and B to match the previous section, so what appear in this section
might be opposite to your own notes.

23This means that if we have an exact sequence A → B → C in where A and C are in A, then B is in A
too. See [Aut19, Tag 02MN] for a few more equivalent descriptions.
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and more over we have natural equivalences

Kcn
n

(
Modfg−S−tors

R

)
' colim

m
Kcn
n

(
Modfg

R/smR

)
' Kcn

n

(
Modfg

R/sR

)
, (4.8)

where the second equivalence comes straight from the Dévissage theorem (Theorem 4.5). One
often calls this middle term in (4.7) the G-theory24 of R, and writes Gn(R). Hence, both (4.7)
and (4.8) gives us the following long exact sequence on G-theory,

· · · δ−→ Gn(R/sR)→ Gn(R)→ Gn(R[s−1])
δ−→ Gn−1(R/sR) · · · . (4.9)

The following is a classical theorem in this area, which one can obtain by substituting R for
R[s] into (4.9).

Theorem 4.10 (Fundamental theorems of G-theory). Let R be a ring and s ∈ R. Then we
have the following natural equivalences,

Gn(R[s]) ' Gn(R), Gn(R[s±1]) ≡ Gn(R)⊕Gn−1(R).

One of the crowning achieves of Quillen in the realm of algebraic K-theory is his calculation
of the algebraic K-theory of finite fields.25

Theorem 4.11 ([Qui72]). Let q = pr for some prime number p and some r ≥ 1. Then

K̃cn
n (Fq) '

{
Z/(qi − 1) n = 2i− 1

0 n ≡ 0 mod 2
.

Idea of proof. The idea of the proof is to show there is the fiber sequence of spaces

BGL(Fq)
+ bq−→ BU

gq−→ BU. (4.12)

Let us just briefly explain some of these objects. For X a compact Hausdorff space, then
one knows the set of homotopy classes of maps [X,BU ] is in natural bijection with K̃0(X),
the (reduced) complex topological K-theory of X. Using a Yoneda style argument26 we see
that operations on complex topological K-theory are in natural correspondence with the set
of homotopy classes of maps [BU,BU ]. In particular, there are Adams operations ψq : K̃ → K̃
(see [Ati67]). One then considers the operations defined by

K̃0(X)→ K̃0(X)

x 7→ ψq(x)− x,
24We will discuss the comparison between K-theory and G-theory a little more in the Interlude coming soon.
25This more-or-less remains our “only” calculation.
26We cannot quite use exactly a Yoneda argument as BU is not compact, but it is a colimit of compact

BU(n) and a collection of compatible maps fn : BU(n)→ BU give us an f : BU → BU .
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which give us the map BU
gq−→ BU . The fact (4.12) is a fiber sequence is equivalent to saying

BGL(Fq)
+ is the homotopy fixed points of BU under this automorphism gq. Recall from Bott

periodicity that

πnBU =

{
Z n = 2i

0 otherwise
.

One can also check that on π2i, the map induced by gq is multiplication by qi − 1 using the
fact that when evaluated on even spheres the Adams operations

ψq : K̃0(S2i)→ K̃0(S2i)

are precisely multiplication by qi. This fact, and knowing (4.12) is a fiber sequence gives us our
desired result. To construct bq one has to construct compatible elements of K̃0(BGLn(Fq)).
This is done as follows. Given a F̄q representation V of a group G and a fixed embedding
F̄×q ↪→ C×, one then uses a process Quillen calls Brauer lifting to lift an artificially constructed
“C-valued character” of V to the character of a unique C-representation. We then take the
representation GLn(Fq)→ GLn(F̄q) with the tautological action, which gives us our bq.

27 4

4.2 Connections to ∞-land

Let E (small) stable ∞-category.

Definition 4.13. A t-structure on E is a pair of full subcategories (E≤0, E≥0) such that

1. we have containments E≥0[1] ⊆ E≥0 and E≤0 ⊆ E≤0[1],

2. for all X ∈ E≥0 and Y ∈ E≤0, Map E(X,Y [−1]) ' 0, and

3. for every X ∈ E , there is a (co)fiber sequence

τ≥0X → X → τ≤−1X

where τ≤−1X lies in E≤0[−1] and τ≥0X lies in E≥0.

We denote the intersection E≥0 ∩ E≤0 by E♥, which we call the heart of E . One can easily
check that E♥ is the nerve of a 1-category, and it is then a classical theorem that the heart
of a triangulated category is an Abelian category (see [Lur17, Remark 1.2.1.12]). We say a
t-structure is bounded if E[ :=

⋃
n→∞E≥−n ∩ E≤n → E is an equivalence.

See [Lur17, Section 1.2.1] for more on t-structures in stable ∞-categories. We can now state
Barwick’s theorem of the heart, which was originally proved in [Bar15].

Theorem 4.14 (Theorem of the heart). Let E be a (small) stable ∞-category equipped with a
bounded t-structure. Then the natural maps E♥ → E≥0 → E induce equivalences

Kcn(E♥)
'−→ Kcn(E≥0)

'−→ Kcn(E).
27Note: The full details of the proof of Theorem 4.11 in [Qui72] are long and difficult.
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There are further calculations in this direction too, in particular, in the non-connective K-
theory direction.

Theorem 4.15 ([AGH19, Theorems 1.1-3]). Let E be a (small) stable∞-category with bounded
t-structure. Then one has

1. K−1(E) = 0,

2. if E♥ is Noetherian28 then for each n ≥ 1, K−n(E) = 0, and

3. if E♥ is Noetherian, then the map D[(E♥)→ E induces an equivalence

K
(
E♥
)
'−→ K(E).

28A (small) (1-) category C is called Noetherian if for each object C in C, every ascending chain of subobjects is
stationary. It was suggested by Ben and David that this adjective could perhaps be removed from Theorem 4.15.
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Interlude (Ben & David)

At this stage in the workshop, Ben and David were asked to give a summary of the talks so
far and an outlook for the rest of the workshop. One of the main ideas in the next few talks
will be to introduce the modern ideas and techniques used to construct TC and the cyclotomic
trace map in the diagram

K THH

TC

Dennis trace

cyclotomic trace
.

Something that was brought up earlier today was the concept of G-theory. One of the differ-
ences between K-theory and G-theory is how they behave with respect to algebro-geometric
ideas. Let U ⊆ X be an open subscheme of a Noetherian scheme. Writing Z = X \ U , one
can check we obtain a fiber sequence of G-theory spaces

G(Z)→ G(X)→ G(U).

One can also check that K(D[(Coh(X))) ' G(X), where D[(Coh(X)) is the derived category
of bounded coherent sheaves on X. This type of analysis can be used to show that G-theory
is nil-invariant (also see [Qui10, Corollary 2, Section 5]),

G(k[t]/t2) ' G(k),

and, in a sense, homotopy invariant,

G(k[t]) ' G(k).

Another example is the following: Let C be a curve with a single singularity at p. Then we
have a fiber sequence

G(p)→ G(C)→ G(C \ {p}).

This means that in principal we can stratify our spaces into smooth components and compute
it on each component. All of these facts are absolutely not true for K-theory.

We would also like to speak of the K-theory of schemes, which requires a little more no-
tation.

Let X Noetherian scheme. In the 1-categorical setting we have Vect(X) ⊆ Coh(X) which
we upgrade to the higher categorical setting by considering PerfX ⊆ D[(CohX). Write Dqc(X)
for the full subcategory of D(ModOX ) consisting of objects equivalent to complexes of quasi-
coherent sheaves29, SPerfX ⊆ Dqc(X) for objects equivalent to bounded complexes of vector
bundles, and PerfX for the idempotent completion of SPerfX . As long as X is qcqs, then
following are equivalent for all objects F of PerfX :

29It is pointed out here that if X is quasi-compact and separated, then this is equivalent to the derived
category of quasi-coherent sheaves on X.
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1. The objects F are Zariski locally strictly perfect, i.e., Zariski locally equivalent to a
bounded complex of vector bundles.

2. We have a natural equivalence Perf(X) ' Dqc(X)ω, where Cω is the category of com-
pact30 objects of a category C.

3. The category Perf(X) is naturally equivalent to the category of dualizable object in
Dqc(X).

If A an E1-ring, we then simply define PerfA = D(A)ω = ModωA.

Remark 4.16. One reason that one may consider K-theory to be “better” than G-theory may
be that K-theory comes with the structure of a E∞-ring. This is because D[(X) is not closed
under tensor products: one can take a tensor product of two bounded things and end up with
something that’s not bounded31. The category PerfX also has better base change properties.
There is also the observation that D[(X) is “always smooth”, but PerfX remembers whether
X is smooth. If a scheme X is regular, PerfX ' D[(X).

We saw an abstract proof that K-theory satisfies Nisnevich descent, but the fact that K-theory
satisfies Zariski descent can be explained with an example.

Example 4.17 (K-theory satisfies Zariski descent). Consider the following Cartesian diagram
of schemes,

Gm A1
∞

A1
0 P1

.

This story works in a huge amount of generality, but let’s be concrete and work over a field k.
The above diagram then gives us the following diagram of ∞-categories,

Perf(P1 on∞) Perf(P1) Perf(A1
∞)

Perf(A1 on∞) Perf(A1
0) Perf(Gm)

δ , (4.18)

where we can define the left-most terms as the kernels of the maps on the right, so that the rows
form exact sequences of stable ∞-categories. This then gives us the following commutative

30Recall an object X of a (1- or ∞-) category C is said to be compact if for all (ω-) filtered diagrams Yi in
C, the natural map

colim MapC(X,Yi)
'−→ MapC(X, colimYi)

is an equivalence.
31An easy classical example of this is F2⊗F2 whose homotopy groups are the (mod 2) dual Steenrod algebra.
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diagram of (non-connective) K-theory spectra, where the rows are fiber sequences,

K(P1 on∞) K(P1) K(A1
∞)

K(A1 on∞) K(A1
0) K(Gm)

. (4.19)

As the above diagram of K-theory spectra has as rows fiber sequences, we see that the right
square is a pullback if and only if the left-vertical map is an equivalence. The map δ in (4.18)
is an equivalence as the two categories it is mapping between are literally the same: perfect
complexes supported on a point depend only on the formal neighbourhood of that point. Hence
the left-vertical map of (4.19) is an equivalence an we see K-theory satisfies Zariski descent in
this respect.

Note that this same exercise for G-theory is essentially trivial.
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5 Cyclotomic Spectra & TC (Lucy Yang)

One of the main themes this week is the power of trace methods, and these are born from
studying a trace map from K-theory to THH or TC. We will meet these two characters in
this talk.

5.1 Tate construction and cyclotomic spectra

Let’s make some elementary observations that we’ll shortly categorify.

Example 5.1. Notice that the expression x2 + y2 is not necessarily equal to x2 + 2xy + y2. If
we rewrite this latter expression as

µ(x⊗ x+ x⊗ y + y ⊗ x+ y ⊗ y),

where µ is some kind of multiplication map, then rewriting x ⊗ y + y ⊗ x as
∑

g∈C2
g(x ⊗ y)

(where C2 acts on a two-fold tensor product in the obvious way) shows us that in fact x2 + y2

only differs from (x+y)2 by a term of the form
∑

g∈C2
g(x⊗y). If we do force equality here by

only working modulo expressions of the form
∑

g∈C2
g(x ⊗ y), then two things happen: first,

the squaring operation becomes a homomorphism, and the trace of a squared diagonal matrix
is the square of the trace,

tr

((
x 0
0 y

)2
)

=

(
tr

(
x 0
0 y

))2

.

The reader may want to keep this idea in mind as our abstraction increases.

Let G be a finite group. For any (∞-) category C, an object of C with G action is the same as
a functor BG → C. Classically we have the following adjunction of 1-categories between the
category of (complex) vector spaces and the category of (complex) representations of G,

Vect RepG = Fun(G,Vect)triv

(−)G

(−)G

a
a

.

There is also a natural transformation from the coinvariants to the invariants NmG : (−)G → (−)G

given by ā 7→
∑

g∈G ga where a ∈ A is some lift of ā ∈ AG. Define the Tate construction to be

the cokernel of the norm map (−)tG := coker(NmG).

Fact 5.2. The following are easy to verify.

• The assignment (−)tG is functorial.
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• If A an associative unital algebra, then A⊗p has the action of the cyclic group Cp, and
the composite

A
∆p−−→ (A⊗p)Cp → (A⊗p)tCp

µtG−−→ AtCp

acts like a Frobenius (if A is a commutative unital algebra then AtCp ' A/p).

Want to tell a homotopical version of this story, so we simply replace Vect by Sp, and use
homotopy (co)limits (−)hG, (−)hG in place of the usual (co)invariants. If we had a norm map
from the homotopy quotient to homotopy fixed points NmG : (−)hG → (−)hG we could then
define the Tate construction to be the cofiber of the norm map. How can we define this norm
map though?

Construction 5.3. The limit and colimit correspond to two different ways (left and right
Kan extension) to push a functor BG → Sp forward along BG → ∗, where we need to use
that Sp (or more generally C) has limits and colimits indexed by BG for the adjoints (to the
pullback functor) to exist. Let δ : BG → BG ×h BG be the diagonal map, and assume that
Nmδ : δ! → δ∗ exists and is an equivalence (see [NS18, Lemma I.1.9]). Consider the following
diagram, where the center square is pullback,

BG

BG×h BG BG

BG ∗

δ

id

id
p0

p1

f

f

.

From our assumptions we obtain a map

p∗0 → δ∗δ
∗p∗0 ' δ∗

Nmδ←−−− δ! ' δ!δ
∗p∗1 → p∗1,

which is adjoint to id → p0∗p
∗
1. From the definition of right adjointable diagrams, we obtain

an equivalence of transformations f∗f∗ ' p0∗p
∗
1, hence id → f∗f∗, which we adjoint over to

f! → f∗. Hence we obtain our desired natural transformation Nm (see [NS18, Section I.1] for
more details).

Definition 5.4. For a finite group G, let (−)tG : Fun(BG, Sp) → Sp be the functor defined
by taking the cofiber of the norm map Nm defined in Construction 5.3. We call this the Tate
construction.

Remark 5.5. The Tate construction is lax symmetric monoidal, and moreover this lax sym-
metric monoidal structure on (−)tG which is compatible with the lax symmetric monoidal
structure on (−)hG is essentially unique (parametrized by a contractible space, see [NS18,
Theorem I.3.1]). Moreover, if we let G = Cp ⊆ T, then the Tate construction of a T-spectrum
(so a functor BT→ Sp) admits an action of the quotient group T/Cp ' T.

Definition 5.6. A cyclotomic spectrum is a spectrum X with a T-action and T-equivariant
maps ϕp : X → XtCp for all primes p. For a fixed prime number p, a p-cyclotomic spectrum
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is a spectrum X with a Cp∞ action and a Cp∞-equivariant map X → XtCp . The category
of cyclotomic spectra is the lax equalizer of the functors

∏
p id,

∏
p(−)tCp : SpBT →

∏
p SpBT,

i.e., the pullback32

CycSp
(∏

p SpBT
)∆1

SpBT ∏
p SpBT ×

∏
p SpBT

(ev0,ev1)

id,
∏
p(−)tCp

.

Example 5.7. We can give the sphere spectrum a cyclotomic structure. Consider S to have
the trivial T-action, then we have natural maps

S→ ShT ' (ShCp)h(T/Cp) → (StCp)h(T/Cp).

As S has the trivial T ' T/Cp-action, the above map of spectra is adjoint to a T-equivariant
map of spectra

ϕp : S→ StCp .

Notice there is absolutely no reason why S cannot be replaced by any other spectrum X.

There are some standard facts about this lax-equaliser construction (which can be found in
[NS18, Proposition II.1.5]) which directly imply the following.

Proposition 5.8 ([NS18, Corollary II.1.7]). The ∞-category CycSp is stable and presentable.
Furthermore, the forgetful functor CycSp→ Sp is exact and preserves all small colimits.

Remark 5.9. The category CycSp also has a natural symmetric monoid structure, essentially
coming from the smash product of spectra (see [NS18, Construction IV.2.1]).

Note that for two functors F,G : C → D, the objects in a lax equalizer category LEq(F,G) are
given by pairs (c, f) where c ∈ C and f : F (c) → G(c) morphism in D. Nikolaus and Scholze
give us an explicit formula for calculating the mapping space in these lax equalizer categories,
and hence in the category of cyclotomic spectra too.

Proposition 5.10 ([NS18, Proposition II.1.5(ii)]). The mapping space between X = (cX , fX), Y =
(cY , fY ) objects of LEq(F,G) is equivalent to by

MapLEq(F,G)(X,Y ) ' Eq

(
MapC(cX , cY )

(G(−)◦fX ,fY ◦F (−))

⇒ MapD (F (cX), G(cY ))

)

Moreover, a map g : X → Y in LEq(F,G) is an equivalence if and only if its corresponding
map in C is an equivalence.

32This is a pullback of simplicial sets. This lax equaliser/pullback construction will be discussed in more
detail in Talk 9.

29



Idea of proof. The idea of this proposition boils down to the following observation: a map
g : cX → cY in C gives a map from X to Y iff the following diagram commutes

F (cX) G(cX)

F (cY ) G(cY )

fX

F (g) G(g)

fY

.

For the “moreover” statement we note one direction is trivial, and conversely, if g : X → Y
is a map in LEq(F,G) which is send to an equivalence in C, then by the above formula for
mapping spaces we note the induced map

f∗ : MapLEq(F,G)(Y,Z)→ MapLEq(F,G)(X,Z)

is an equivalence for all Z in LEq(F,G), and the Yoneda lemma gives us the result. 4

At the moment we only have S as an example of a cyclotomic spectrum (see Example 5.7),
but this theory is set up to focus on another natural occurence of cyclotomic spectra.

5.2 THH as a cyclotomic spectrum

We will see THH(A) is a cyclotomic spectrum for any E1-algebra A, essentially by checking it
satisfies some universal property.

Proposition 5.11 ([NS18, Theorem 1.7]). The functor

Tp : Sp→ Sp

X 7→
(
X⊗p

)tCp
is exact.

Idea of proof.

1. (−)tCp preserves sums: the cross terms in ((X ⊕ Y )⊗p)tCp are induced from the repre-
sentation of the trivial subgroup {1} ⊆ Cp, and since the Tate construction vanishes on
spectra with induced Cp-action (see [NS18, Lemma I.3.8.(i)]), we obtain Tp(X ⊕ Y ) '
Tp(X)⊕ Tp(Y ).

2. (−)tCp commutes with extensions, i.e. takes fiber sequences to fiber sequences: the same
argument as above but instead of having a direct sum decomposition of Tp(X ⊕ Y ), for
each fiber sequence X → Z → Y have a filtration of Tp(Z). As before, (−)tCp kills
filtration steps/quotients.

4

The harder statement to prove is the multiplicativity of the Tate-construction.
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Proposition 5.12 ([NS18, Theorem I.3.1]). The space of all pairs consisting of a lax sym-
metric monoidal structure on (−)tG and a lax symmetric monoidal natural transformation
(−)hG → (−)tG is contractible.

Proposition 5.13. Let F be an object of the full subcategory Funex(Sp,Sp) of Fun(Sp,Sp).
Then we have an equivalence

MapFunex(Sp,Sp)(idSp, F )→ MapSp(S, F (S)) ' Ω∞F (S)

Idea of proof. The identity functor is corepresented by the sphere spectrum, and we have an
equivalence Funex(C,Sp(D)) ' Funlex(C,D) given by composition with Ω∞ (see [Lur17, Corol-
lary 1.4.2.23]). 4

From Propositions 5.11 and 5.13 this we can conclude that

MapFunex(Sp,Sp)(idSp, Tp) ' MapSp(S, TpS) ' Ω∞TpS. (5.14)

Definition 5.15. The Tate diagonal is the natural transformation

∆p : idSp → Tp

X 7→ (X⊗p)tCp

corresponding to the canonical map S→ ShCp → StCp ∈ Ω∞Tp(S) under (5.14).

Fact 5.16. The previous map exhibits StCp as the p-completion of S (a consequence of the
Segal conjecture/Carlsson’s theorem). The same is true for all spectra which are bounded
below (see [NS18, Theorem III.1.7]).

Definition 5.17. Suppose R is an E∞-ring. Then R
∆p−−→ (R⊗p)

tCp µ
tCp
R−−−→ RtCp is the Tate-

valued Frobenius.

If R is a discrete commutative algebra, then this Tate-valued Frobenius is precisely the map

A→ A/p

a 7→ ap

on π0, and Steenrod operations on higher homotopy groups (see [NS18, Theorem IV.1.15]).

Remark 5.18. We have been making this analogy to algebra, but the Tate diagonal is special
to spectra (the proof of Proposition 5.13 uses specific facts about the ∞-category Sp). A
meaningful analogue doesn’t exist in derived category of Z-modules. Indeed, every natural
transformation A → (A⊗p)tCp of functors D(Z) → D(Z) induces the zero map on homology.
In particular, there is no lax symmetric monoidal transformation idD(Z) → ((−)⊗p)tCp (see
[NS18, Remark III.1.9 & Theorem III.1.10] for all of these details).

Consider E1- and E∞-rings, i.e., maps of ∞-operads N(Ass⊗)
A⊗−−→ Sp⊗ or N(Comm⊗)

A⊗−−→
Sp⊗ (see [Lur17, Section 2.1.3]). These definitions can be complicated, and we present the
following simplification.
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Proposition 5.19 ([NS18, Proposition III.2.2]). An E1-ring is a map of operads N(Ass⊗)→
Sp⊗, which is the same as a map making the diagram below commute

N(∆op) Sp⊗

N(Fin∗)

A⊗

and satisfying the Segal condition (the value on objects [n] ∈ ∆ is determined by the value on
[1] ↪→ [n]).33 An E∞-ring A is a section

Sp⊗

Fin∗

A⊗

which is coCartesian along inert maps.

This leads us to our definition of THH.

Definition 5.20. Given A an E∞-ring, the topological Hochschild homology is defined to be

THH(A) := T⊗E∞ A

i.e. the universal (initial) E∞-ring under A with a T-action. This E∞-ring obtains the
structure of a cyclotomic spectrum,

A (A⊗p)tCp AtCp

THH(A) THH(A)tCp

∆p µ
tCp
A

ϕp

,

as the spectrum THH(A)tCp has a residual T/Cp ' T-action and THH(A) is the initial E∞-
A-algebra with a T-action.

A more explicit description of THH(A) is possible: the the cyclic bar construction, which
uses a particular simplicial decomposition of the circle via Connes’ cyclic category (see [NS18,
Appendix B] for all the details).

Notation 5.21. Define a category Λ∞ to be the full subcategory of Fun(BZ,Poset) spanned
by objects isomorphic to 1

nZ for all n ≥ 1 with morphisms order-preserving Z-equivariant maps.
For each positive integer p, define Λp to be the same category where we further quotient out
the morphism spaces by the action of B(pZ), i.e. only remembering what a morphism does
mod p. We will often write Λ1 as Λ, Connes’ cyclic category.

Proposition 5.22 ([NS18, Theorem B.3]). The functor N∆op → NΛop
∞ is cofinal.

33This implies ∆op is the universal E1-monoidal category.
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In particular, we see |NΛ∞| is contractible, hence |NΛ| = |NΛ∞|/BZ = BBZ = BT =
K(Z, 2). One can also define a functor

V : Λ→ Fin

T 7→ T/Z

1

n
Z 7→

{
0,

1

n
, . . . ,

n− 1

n

}
which factors through a functor

Λ→ Ass⊗act = Ass⊗ ×Fin∗ Fin→ Fin .

We will be taking geometric realizations of functors N∆op → NΛop
∞ → NΛop → C. Think

about the category Λop as ∆op plus actions of cyclic groups at each level. The intuition should
now be that the geometric realization of a diagram Λop → C should be the ’thing’ given by
∆op → C with the actions of the cyclic groups.

Definition 5.23. For an E1-ring A, let THH(A) ∈ SpBT be the geometric realization of the
following composition,

Bcyc
• (A) : NΛop → NAss⊗act

A⊗−−→ NSp⊗
⊗−→ Sp.

Equivalently34, one can write

THH(A) ' colim
NΛop

Bcyc
• (A) ' A⊗A⊗Aop A.

When A is an E∞-ring we have have A ' Aop and we see THH(A) is the colimit of the constant
diagram T→ Sp with value A, which agrees with Definition 5.20.

Proposition 5.24. We have a lax monoidal functor THH: Alg→ CycSp⊗.

This statement and related facts will be discussed more in Talk 6. The fact THH lands in the
category of cyclotomic spectra morally comes from the fact that it is defined as the geometric
realization of a cyclic object. We can now end with the modern, clean definition of topological
cyclic homology.

Definition 5.25. Given a E1-ring A, its topological cyclic homology is defined as the spectrum

TC(A) = mapCycSp(S,THH(A)),

where S is given the trivial cyclotomic structure (see Example 5.7).

Remark 5.26. One can easily check that given a spectrum X with a G-action, then XhG is
equivalent to mapSpBG(S, X), where the sphere S has the trivial G-action. In this light, one
can think of TC(A) as the “cyclotomic fixed points” of THH(A).

34The equivalence between these definintions (and Definition 5.20) essentially form the fact that |NΛ| ' BT
and that in any ∞-category (with initial (∅) and terminal (∗) objects and pushouts) one can define a “circle”
as ∗

∐
∗t∗ ∗. These details can be found in [NS18, Chapter 3].
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6 The cyclotomic trace (Jean-Michel Fischer)

There is an important Dennis trace map K(R)
tr−→ THH(R) from the algebraic K-theory of an

E1-ring spectrum R to the topological Hochschild homology of R. This is not the trace map
we want to study though, as there is a “more initial” trace map. Writing

TC−(A) = THH(A)hT ' mapSpBT(S,THH(A))

and THH(A) ' mapSp(S,THH(A)), the forgetful functors CycSp → SpBT → Sp give us the
following diagram,

K THH

TC TC−

tr

trcyc
tr− .

The map tr− we obtain from the universal property of the homotopy fixed points of THHhT.
If we knew tr : K → THH was a natural transformation in CycSp (rather than just Sp), then
we then be close to our desired cyclotomic trace map trcyc : K → TC. To this end we will
introduce the concept of trace theories and a variant of K-theory called cyclic K-theory, Kcyc.
Much of the content for talk can be found in the entries of Gepner and Nikolaus in a 2018
Oberwolfach report (see [Gep18] and [Nik18]).

6.1 THH of stable ∞-categories

Construction 6.1. Let C be a stable ∞-category (hence “enriched” over Sp), then we can
consider the following diagram of stable ∞-categories,

Cop ⊗ C Sp

Funex(Cop ⊗ C,Sp)

M

Yoneda=y
LanyM

, M(C,C ′) = mapC(C,C
′),

where LanyM indicates a left Kan extension. Using the fact Catst
∞ has a symmetric monoidal

structure (see [Lur17, Section 4.8.1-2]) we can alternatively write this left Kan extension as

LanyM ' −⊗Cop⊗C C.

We then define THH(C) = (LanyM)(M). If C = ModA for an E1-ring A, then we recover
THH(C) ' THH(A). This naturally defines a functor

THH: Catst
∞ → Sp.

Theorem 6.2. The set of equivalence classes of natural transformations of localizing invari-
ants from K → THH is

π0 THH(S) = π0S ∼= Z.
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Idea of proof. First we check THH is a localizing invariant, but the cyclic bar construction
commutes with filtered colimits and takes exact sequences of stable ∞-categories to fiber se-
quences of spectra (see [BGT13, Proposition 10.2]). Then we use the universal property of
(non-connective) K-theory (Theorem 3.9) and take π0 to obtain the result. 4

Definition 6.3. The Dennis trace map is the natural transformationK → THH corresponding
to 1 ∈ Z. This agrees with previously defined Dennis trace maps by [BGT13, Theorem 10.6].

6.2 The cyclic category Λ of Connes

Let us first recall the usual simplex category,

∆ =

 0 1 2 · · ·

 ,

where the maps going to the right are denoted by δj ’s and the maps the left are denoted by
σi’s. If we think of n as being a piece of string with n-nodes, then we can interpret

• σ as node deletion,

• δ0, δn as string insertions, and

• δi, 0 < i < n as node splittings.

Similarly for the category Λ (see Notation 5.21 for another presentation), we have

Λ =


0 1 2 · · ·

id C2 C3


,

where n is now a closed loop with n-nodes, hence the morphisms have a similar description
to the above plus the existence of rotational involutions. Notice the obvious functor ∆→ Λ is
not full.

Definition 6.4. A cyclic object is a functor X• : Λop → C. When C is cocomplete we can take
its geometric realization |X•| along the pullback |X•|∆op |.

This geometric realization of a cyclic object has a circle action, i.e., it is an object of CBT.
One way to see this is by noting that

Fun(Λop, C) ' FunBZ(Λop
∞ , C) ' Fun(Λop

∞ , C)BZ
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where Λop = Λop
∞/BZ as defined in Notation 5.21. As Λ∞ (known as the paracyclic category)

is contractible, one obtains

Fun(Λop, C) ' Fun(∗, C)BZ ' CBBZ ' CBT.

We want to define an∞-category Λst as a hybrid of Catst
∞ and Λop: a sort of∞-categorification

of Connes’ cyclic category.

Definition 6.5 ([Nik18, Definition 5]). Let Λst be the ∞-category with:

• Objects n for all n ≥ 0, where for n ≥ 1 we decorate the n-nodes of n with stable
∞-categories Ci ∈ Catst∞, and the edge between Ci and Ci+1 are decorated by functors
Fi : Ind(Ci+1)→ Ind(Ci) preserving all (small) colimits.

• Morphisms of Λst are generated by in four different basic morphisms:

1. Lax maps of diagrams of a fixed shape. For example, given two 1 objects in Λst, so
two stable ∞-categories C and D and two colimit preserving functors F : Ind(C)→
Ind(C) and G : Ind(D)→ Ind(D), then a morphism

C D

F G

is the data of a functor φ : C → D and a natural transformation φ!F → Gφ!.

2. Rotations (as in Λop).

3. Insertions (as in Λop).

4. Compositions (as in Λop).

The latter three types of morphisms correspond to the (co)Cartesian morphisms of Λst

(see [Nik18, Definition 5] for a precise definition).

We have a functor
p : Λst → Λop,

which does the obvious things to objects, sends the first morphisms of Definition 6.5 to the
identity and all the other maps are sent to their counterparts in Λop. The functor p is in fact
a coCartesian fibration, where the fiber of each n is the ∞-category of stable flat fibrations
over n , hence p classifies a functor35

χ : Λop → Cat∞, N n 7→ Stab[
/N n

35The actual definition of Λst (as found in [Nik18, Definition 5]) literally defines Λst to be the coCartesian
fibration over Λop classifying the functor χ.
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6.3 Trace theories

Definition 6.6. A trace theory is a functor

Λst → Sp

which sends coCartesian arrows (generated by the rotations, insertions, and compositions of
Definition 6.5) to equivalences.

Notice that in general, as the coCartesian arrows of Λst are generated by rotations, insertions,
and compositions, to check a functor T : Λst → Sp is a trace theory, we need only check
compositions are sent to equivalence as it is clear for rotations and insertions are left inverse
to compositions. Let T be a trace theory. Then, using compositions and rotations one can see
that T is symmetric in some sense,

T (GF ) = T

 C

GF

'←− T

 C

D
FG

 ' T
 D

C
GF

 '−→ T

 D

FG
 = T (FG).

Example 6.7 ([Nik18, Definition 10]). One can check THH: Catst
∞ → Sp refines to a trace

theory. Indeed, we can first define THH: Λst → Sp using the formula

THH(F1, . . . , Fn) = |Bcyc
• (F1, . . . , Fn)| .

As mentioned above, one only has to now check that the composition morphisms of Λst are
sent to equivalences of spectra (see [Nik18, Theorem 12] for a statement of this result).

The more universal trace theory is Kcyc, known as cyclic K-theory. To define this we need
the K-theory of endomorphisms.

Proposition 6.8 ([Nik18, Proposition 6]). There is a functor

End: Λst → Cat∞, (f : X → N n ) 7→ Fun
N n (NTn, X),

where the right-hand side indicates the ∞-category of sections of the stable flat fibration f .
When X is decorated by Fi’s, then write End(F1, . . . , Fn). When X = (idC), then End(idC) '
Fun(N 1 , C) which is the ∞-category of endomorphisms of C.

Remark 6.9. There is another functor (also denoted by End) from Catst
∞ → Catst

∞ given by
C 7→ Fun(∆1/∂∆1, C). One can then define the K-theory of endomorphisms Kend as the
composite

Catst
∞

End−−→ Catst
∞

K−→ Sp.

Essentially by construction, this refines to a functor Kend : Λst → Sp. This is one definition of
the K-theory of endomorphisms following [Gep18, Definition 7], but there is another approach.
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Definition 6.10 ([Nik18, p.57]). Let E : Λst → Sp be the functor defined by the composition

Λst End−−→ Cat∞
(−)'−−−→ S

Σ∞+−−→ Sp.

Definition 6.11. A functor T : Λst → Sp (be it a trace theory or not) is

1. reduced if for all sequences of stable ∞-categories (C1, . . . , Cn), the restriction of T to a
functor

n∏
i=1

FunL(Ind Ci+1, Ind Ci)→ Sp (6.12)

is reduced in every variable separately, i.e., sends the zero functor to the zero spectrum.

2. stable if for all sequences of stable ∞-categories (C1, . . . , Cn), the restrictions of T to
(6.12) is exact in each variable separately.

3. additive if the following composition is additive,

Catst
∞ → Λst

T−→ Sp

C 7→ 1 = idC .

For example, one can check THH is a additive trace theory (see [Gep18, Proposition 15]). As we
can so often do in mathematics, we can stabilize, reduce, and additivize functors T : Λst → Sp
to obtain T st, T red, and T add.

Definition 6.13. Let Kend be the additivization of E, so Kend = Eadd.

One can check that precomposing Kend with the map Catst
∞ → Λst sending C 7→ idC gives us the

definition of Kend from Remark 6.9. It follows from [Gep18, Theorem 8] (which states E is the
initial fiberwise lax symmetric monoidal functor Λst → Sp) that Kend is the initial fiberwise
lax symmetric monoidal additive functor Λst → Sp. The set of equivalence classes of natural
transformations of additive functor K → Kend is then canonically isomorphic to π0K

end(S) '
Z⊕W, where W is a variant of the Witt vectors (see [Gep18, p.73-4]). The additive functor
K → Kend associated to the unit 1 ∈ Z corresponds to the natural transformation id →
End: Catst

∞ → Catst
∞ given by the zero endomorphism.

Definition 6.14. Let cyclic K-theory be the cofiber of the map K → Kend induced by the
zero endomorphism,

Kcyc : Catst
∞ → Sp.

We can refine Kcyc to a functor Λst → Sp which comes with a natural transformation
Kend → Kcyc exhibiting Kcyc as the initial reduced functor under Kend (see [Gep18, Propo-
sition 12] for this statement). Moreover, Kcyc is the initial fiberwise lax symmetric monoidal
reduced additive functor Λst → Sp, which more-or-less follows from the corresponding universal
properties of Kend. Our goal of course, is to show Kcyc is actually a trace theory.

Proposition 6.15. The functor Kcyc : Λst → Sp is a trace theory.
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Sketch of proof. Consider two stable ∞-category C1 and C2, two colimit preserving functors
F1 : Ind(C2) → Ind(C1) and F2 : Ind(C1) → Ind(C2), and the following commutative diagram
of spectra,

K(C2) K(C1 × C2) K(C1)

Kend(C2) Kend(F1, F2) Kend(F1F2)

Kcyc(C2) Kcyc(F1, F2) Kcyc(F1F2)

,

Where the columns and rows are (co)fiber sequences (either by construction or the fact these
functors are all localizing invariants). The top-left vertical map is an equivalence by construc-
tion, hence the top-right square is (co)Cartesian, which implies the bottom-right horizontal
morphism is also an equivalence. This implies Kcyc sends composition morphisms in Λst to
equivalences, hence Kcyc is a trace theory. 4

Theorem 6.16. There is a cyclotomic trace map K → TC refining the usual Dennis trace
map.

Sketch of proof. This sketch is summarised on [Gep18, p.74]. By the initialness of Kcyc as
an additive trace theory and the fact THH is a trace theory, we obtain a highly structured
version of the Dennis trace map Kcyc → THH. As TC(THH) ' TC, it is tempting to apply

TC to these objects, but we apply T̃Cp (studied in [NS18]), giving us

T̃Cp(K
cyc(X)) ' fib

(
Kcyc(X)hT

1−ϕ̃p−−−→ Kcyc(X)hT
)
.

Usual algebraic K-theory factors through this fiber, and we then let the composite

K(X)→ T̃Cp(K
cyc(X))→ TC(THH(X)) ' TC(X)

be our cyclotomic trace. 4

Remark 6.17. This construction of K → TC does not exactly match the outline provided at
the beginning of this talk exactly, but the approaches are equivalent. Indeed, in [Nik18] it is
shown that trace theories give rise to Morita invariant functors, send exact sequences of stable
∞-categories to fiber sequences of spectra, and that each trace theory comes with an action of
T and “Frobenius maps”. These observations culminate in [Nik18, Corollary 19] which states
that THH actually takes values in CycSp, is Morita invariant and sends exact sequences to
(co)fiber sequences. Giving K the trivial cyclotomic structure (à la Example 5.7) means we
can now ask if our Dennis trace map K → THH is a map in CycSp, for which we need to
construct Kcyc and Kcyc → THH inside CycSp (essentially Theorem 6.16).
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7 Dundas-Goodwillie-McCarthy theorem (Noah Riggenbach)

The cyclotomic trace K → TC is a valuable tool to study K-theory. Indeed, much of its power
comes from the topic of this talk.

7.1 Statement of the result

There is a modest goal we wish to achieve in this talk:

Goal 7.1. Show that K inv is nil-invariant.36

We want to understand “small perturbations” of algebraic K-theory, in particular in terms of
TC. This next theorem was originally proved in [DGM13].

Theorem 7.2 (Dundas-Goodwillie-McCarthy). Let B → A be a map of connective E1-rings
which is surjective on π0 with nilpotent kernel. Then the following square of spectra is Carte-
sian,

Kcn(B) Kcn(A)

TC(B) TC(A)

Equivalently, K inv(A) ' K inv(B) or Kcn(B/A) ' TC(B/A).

Outline of proof. We will prove this theorem in two steps.

1. Show the result using Goodwillie calculus for split square-zero extensions.

2. Reduce from the general case to the split square-zero case.

4

Assumptions 7.3. We will be following the explanation given in [Ras18], which uses a par-
ticular set of notation. These are also summarized in [Ras18, Section 1.7].

1. In this talk K-theory is always connective.

2. All t-structures are cohomologically graded, i.e., the opposite of what we have been doing
so far. For example, we will write Sp≤0 for the category of connective spectra.

3. For an ∞-category D with a t-structure, assume that the t-structure is left separated
(i.e.

⋂
n∈ND≤−n = {0}).

4. Are people ok with sifted colimits? They will occur.37

36Recall from Theorem 1.3 that K inv is the fiber of the cyclotomic trace map K → TC (or Kcn → TC).
37Recall a (1-) category is called sifted if all colimits of diagrams of that shape commute with all finite

products in Set.
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5. We are also going to need a slightly different definition of THH. Consider the symmetric
monoidal ∞-category (Catst,cocont

∞ ,⊗, Sp), where the subscript cocont means we are only
considering cocomplete stable ∞-categories and cocontinuous exact functors between
them. In this ∞-category the dualizable objects are the compactly-generated ones. For
such a dualizable stable ∞-category C, we can consider the diagram,

C ⊗ C∨ End(C)

Sp

F

trC

.

As C is dualizable, we see F is an equivalence.

Definition 7.4. For a dualizable object C in (Catst,cocont
∞ ,⊗,Sp), we define THH(C, T ) as

trC(T ), where T is an endomorphism of C.

Example 7.5. If C is the category ModA for some E∞-ring A, then we see that

THH(ModA, TM ) ' THH(A,M),

where TM is the endomorphism of ModA sending N 7→ N ⊗AM [1].

7.2 Part 1: Goodwillie calculus

Let C,D be two stable ∞-categories with t-structures respecting filtered colimits, and assume
that the t-structure on C is right complete38. Consider a map

ψ : C≤0 → D≤0

such that ψ commutes with sifted colimits and is reduced.

Definition 7.6. For such a ψ, define the Goodwillie derivative ∂ψ : C → D≤0 to be

∂ψ(F) = colim
n→∞

colim
m>n

Ωnψ(Σnτ≤−mF)

This is the universal functor under ψ which is 1-excisive39 that is exact. A sort of “linear
approximation” of ψ.

Theorem 7.7. Suppose for all F ∈ C≤−1 the functor ϕ(G) = ∂(ψ(F ⊕ G)) vanishes. Then ψ
itself vanishes on C≤−1.

Idea of proof. We want to inductively show that ψ(C≤−n) lies in D≤−n. The base case is
ψ(C≤−1) ⊆ D≤−n. For the inductive step we consider

ψ(ΣF) ' ψ(|F⊕n) ' |ψ(F⊕n)|.
38For a discussion of left/right complete t-structures on stable ∞-categories, see [Lur17, Section 1.2.1].
39Recall that a functor between ∞-categories is called (1-) excisive if it sends pushouts to pullbacks.
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One then studies this filtration and the associated graded of ψ(ΣF) to see

Σψ(F)→ ψ(ΣF)

is (n+ 3)-connected. Hence
ψ(F)→ Ωψ(ΣF)

is also (n + 3)-connected and this continues our induction. Then upon taking the colimit,
ψ(F )→ ∂ψ(F ) is (∞+ 3)-connected, i.e., an equivalence. 4

Using this vanishing result, we reduce our main theorem to the following (see [Ras18, Theorems
2.12.1-2]).

Theorem 7.8. Let A a connective E1-ring. Then,

1. the functor K̃A : Bimod≤0
A → Sp≤0 defined to send M to Kcn(SqZ(A,M)) commutes with

sifted colimits.40

2. There is a natural identification ∂K̃A(M) ' THH(A,M)[1], where M is an A-bimodule.

3. The reduction of TC when applied to SqZ(A,−) induces a functor TCred(SqZ(A−)),
which takes values in Sp−1 and commutes with sifted colimits.

4. The Goodwillie derive ∂ TCred(SqZ(A,−)) is natural equivalent to THH(A,−)[1].

Notice that the above theorem is broken up into two statements about K-theory, and two
statements about TC. An interesting observation is the contrasting methods used to prove
both case: the K-theoretic proof is very conceptual and the TC proof a reduction to something
quite computational. The reduction of Theorem 7.2 from Theorem 7.8 is discussed on [Ras18,
p.12], and in addition to Theorem 7.8 uses the facts that K-theory and TC converge in the

sense that for a connective E1-algebra A, the natural map ψ(A)
'−→ limn ψ(τ≤−nA) is an

equivalence, and that relative K-theory and relative TC both commute with sifted colimits.

7.3 Part 2: the proof of the reduction

Definition 7.9. Let C be an object of Catst,cocont
∞ and T : C → C in Catst,cocont

∞ . Then the
category SqZ(C, T ) is the ∞-category of pairs (F , η : F → T (F)) of an object F and a locally
nilpotent endomorphism, i.e., a morphism η : F → T (F) of C such that

colim (F η−→ T (F)
T (η)−−−→ T 2(F) · · · )

vanishes.

40Recall that for an E1-ring A and an A-bimodule M , one can define the split square-zero extension
SqZ(A,M) in AlgE1

, whose underlying spectrum is A⊕M .
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Consider the following diagram of ∞-categories over ModA, where TM = −⊗AM [1],

ModSqZ(A,M) SqZ(ModA, TM )

ModA

G

−⊗SqZ(A,M)A (F ,η) 7→F
.

It is shown in [Ras18, Proposition 3.2.2] that a functor G exists41 and is an equivalence. We
can now begin a proof of Theorem 7.8.

Sketch of part 1 of Theorem 7.8. Let M be a connective A-bimodule and write ModTMA for
the category of A-modules F and morphisms F → T (F). It is shown in [Ras18, Lemma 3.4.1]
that the natural functor

SqZ(ModA, TM )→ ModTMA

is an equivalence of ∞-categories. From this we obtain equivalences

K̃A(M) ' Kcn(ModTM ,ωA ) ' Kcn(ProjTM ,ωA ).

From this it suffices to show Ω∞−1Kcn(ProjTM ,ωA ) commutes with sifted colimits, and this is
not so bad (see [Ras18, Section 3.5]). 4

To obtain part 2 of Theorem 7.8, we need a sizable theorem about derivatives of K-theory.
First, let C be the category whose objects are pairs (C, T ) of a cocomplete stable compactly
generated ∞-category C and a cocontinuous exact endofunctor T : C → C, and whose mor-
phisms are functors preserving compact objects and the data of the a natural transformation
sitting in the obvious commutative square (see [Ras18, Section 3.8] or [GR17] for some more
details).

Theorem 7.10. Let Φ: C → Sp, which we write as Φ(C, T ) = ΦC(T ). Suppose we are given
a basepoint x : S→ ΦSp(idSp) and that the following conditions hold.

1. For fixed C, ΦC(−) commutes with all (small) colimits.

2. The functor Φ(−) is “additive” in some non-obvious way (see [Ras18, Lemma 3.11.1]).

Then there is a unique natural transformation ∂Kcn
C (T )→ ΦC(T ), i.e., ∂Kcn

C (−) is initial with
respect to functors satisfying the conditions above.

Sketch of part 2 of Theorem 7.8. One can check trC satisfies this universal property, so by
Definition 7.8 we see obtain part 2 (see [Ras18, Section 3.12]). 4

41Given some SqZ(A,M)-module N , we define G(N) to be (N⊗SqZ(A,M)A, η), where η is the boundary map
in the triangle

M ⊗A F (N)→ N → F (N).

One then check η is locally nilpotent.
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Sketch of parts 3 and 4 of Theorem 7.8. For the TC statements one considers an (exact
cocontinuous) endomorphism T : C → C of a dualizable stable cocomplete ∞-category C such
that trC(T

n) is contained in Sp≤−n, and uses the expression

TCred(SqZ(C, T )) = Eq

THHred(SqZ(C, T ))hT −→−→
∏

p prime

(THHred(SqZ(CT ))tCp)hT

 .

Under the above connectivity hypothesis on T we obtain equivalences

THH(SqZ(C, T ))
∼−→ THH(C)⊕

 ⊕
n∈Z>0

IndT
Cn trC(T

n)

 ,

(see [Ras18, Proposition 4.5.1]). This gets us some of the way to proving parts 3 and 4 of
Theorem 7.8, but we essentially ran out of time at this moment (see [Ras18, Section 4.11] for
the details). 4
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8 Some computations (Joel Stapleton)

One advantage of the Dundas-Goodwillie-McCarthy theorem is the ability to transfer results
about TC to results about K-theory. As TC has recently been recast in a simpler and more
manageable light (as explained in Talk 5 and thanks to [NS18]) this enabled us to increase
our understanding K-theory significantly (this is some of the thrust behind [CMM18]). One
application of this new approach is demonstrated in [Spe19b] where a classical result (see
[HM97]) of calculating the relative K-theory of k[x]/x2 with respect to (x) is reproduced.
We’d like to summarise these details.

Assumptions 8.1. In this talk we fix the notation of p for a prime greater than 2, k for Fp,
A for k[x]/x2, and I the ideal (x). Today, our K-theory will also always be connective.

Theorem 7.2 states that Kcn(A, I) (defined as the K-theory of the category of perfect mod-
ules on A with support I, or equivalently the fiber of Kcn(A) → Kcn(A/I)) is equivalent to
TC(A, I), which can be defined (following [NS18, Proposition II.1.9]) as the equalizer of the
canonical map and the Frobenius

TC−(A, I)
can, ϕp−−−−→ TP(A, I),

where TC−(A, I) = THH(A, I)hT and TP(A, I) = THH(A, I)tT.42 Hence, to understand
TC(A, I), it suffices to understand THH(A, I) in some detail, and then combine all of our
information together carefully using a few spectral sequences.

8.1 THH(Fp[x]/x2, (x))

Let us write
A = k(Π2) = k[Π2]/k{0} = k ⊗ S(Π),

where Π denotes the commutative monoid {0, 1, x} with x2 = 0. This Π is introduced as it
will eventually give rise to a useful filtration of THH(A, I). Then our THH splits up as

THH(A) ' THH(k)⊗ THH(S(Π)),

and that last term is Σ∞Bcyc(Π). We define the cyclic set Bcyc(Π) as having lth level Π∧(l+1).
Writing B(m)[l] = {xi0 ∧ xi1 ∧ · · · ∧ xil |

∑
il = 1}, we then claim that

Bcyc(Π) '
∧
m≥0

B(m).

42We have not defined the Tate construction for general topological groups, but this can be done. The Tate
construction is always defined as the cofiber of the norm map, but in the general case we need to modify the
source of the norm map by adding the so-called dualizing spectrum. When our group is finite this dualizing
spectum is trivial, which is why it has not appeared so far in these notes. See for example [NS18, Corollary
I.4.3] or [Rog08, Section 5]. The dualising spectrum of the circle group T is ΣS, so in this case the norm
map is on the form Nm: ΣXhT → XhT , and the Tate construction enjoys all the nice properties that we
have for finite groups. A modern construction of the Tate spectral sequence will be available soon in work by
Hedenlund-Krause-Nikolaus.
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This means that our THH(A) now splits (see [Spe19b, Proposition 4.1]),

THH(A) '
∧
m≥0

THH(k)⊗ Σ∞B(m). (8.2)

There is an Atiyah-Hirzebruch spectral sequence of the form

E2
i,j = H i(X,πjE) =⇒ πj−i(E ⊗ Σ∞X),

for any spectrum E. In our case, E = THH(A), we know that π∗THH(k) = k[v] with |v| = 2
from the classical computation of Bökstedt (see [Bö] or [KN19a, Section 1]). Our spectral
sequence now becomes

E2
i,j = Hi(B(m);πj THH(k))⇒ πj−i(THH(k)⊗ Σ∞B(m)). (8.3)

Construct a Frobenius φp : B(m)→ B(pm)Cp by sending

π 7→ π ∧ · · · ∧ π.

Under the equivalence (8.2) the above Frobenius splits into single weighted components

THH(k)⊗B(m)
φp−→ (THH(k)⊗ Σ∞B(pm))

'−→ THH(k)tCp ⊗ Σ∞B(pm)tCp .

The Atiyah-Hirzebruch spectral sequence for the codomain then takes the form

E2
i,j = H i(B(pm)Cp ;πj THH(k)tCp) =⇒ πi+j(THH(k)tCp ⊗ Σ∞B(pm)tCp). (8.4)

We’ll compute these spectral sequences shortly, but we need a few more calculations. First, we
note that the restricted Frobenius φ̃p : B(m)→ B(pm)Cp is a p-adic equivalence (see [Spe19b,
Proposition 4.1]). Second, we mention the calculation π∗THH(k)tCp ' k[v±1] with |v| = 2,
which can be found in [NS18, Corollary IV.4.13]. Third, we have an isomorphism of cyclic
k-modules (see [Spe19b, Lemma 4.1]),

k[Bcyc(Π)[−]]
'−→ Bcyc(k(Π)/k).

As A is flat over k (as a k-module it is simply k⊕k), we can use Tor to calculate the Hochschild
homology,

HH∗(A/k) ' TorA⊗kA(A,A).

There is a resolution of A as a A⊗k A-module,

· · · → A⊗k A
x⊗1+1⊗x−−−−−−→ A⊗k A

x⊗1−1⊗x−−−−−−→ A⊗k A
µ−→ A.

Applying −⊗A⊗kA A we obtain the complex

· · · 0−→ A
2x−→ A

0−→ A,
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calculating HH(A/k), from which we see the weight m part of HH∗(A/k) is given by

HH∗(A/k;m) ' k,

for ∗ = m − 1,m and vanishes otherwise. We now consider the two spectral sequences (8.4)
and (8.3), whose E2-pages we can calculate to be
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(8.5)

using the Serre grading tradition. In the first E2-page of (8.5) we have a copy of k in (m−1, 2l)
and (m, 2l) for all integers l, and is elsewhere zero, and in the second spectral sequence a copy
of k in (m − 1, 2l) and (m, 2l) for each l ≥ 0, and is zero elsewhere. Notice both of these
spectral sequences collapse immediately for degree reasons. This can be summarized as the
following proposition.

Proposition 8.6 ([Spe19b, Corollary 4.1]). The Frobenius map restricted to the weight m
pieces,

φp : THH(k)⊗B(m)→ THH(k)tCp ⊗ Σ∞B(pm)tCp ,

is (m− 1)-coconnective.

Proof. The map induces a map between the spectral sequences of (8.5) from which we can
directly observe this coconnectivity.

The is the crucial inductive argument that will shortly help us calculate TC− and TP.

8.2 TC−(k[x]/x2, (x)) and TP(k[x]/x2, (x))

Let E be a spectrum with a T-action. Then this comes with a Whitehead tower,

· · · → τ≥j+E → τ≥jE → τ≥j−1E → · · · ,

which we take (−)tT of,

· · · → (τ≥j+E)tT → (τ≥jE)tT → (τ≥j−1E)tT → · · · .
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The T-Tate spectral sequence for E = THH(A)⊗B(m) then takes the form

E2
i+j = πi(Hπj(THH(k)⊗B(m))tT) −→ πi+j((THH(k)⊗ Σ∞B(m))tT).

We know the E2-page of this, and we have generators ym (of Hm−1(B(m); k)) and zm (of
Hm(B(m); k)). In summary, we have the following E2-page.

−2 −1 0 1 2

m− 2

m− 1

m

m+ 1

0

tym

tzm

0

0

0

0

0

0

ym

zm

0

0

0

0

0

0

t−1ym

t−1zm

0

(8.7)

Above, each nonzero class generates a copy of k (don’t forget the invertible class t in (−2, 2)).
We claim that the class zm in (8.7) is an infinite cycle. To see that, we note there is a T-
equivariant map Zp → THH(k), which we can obtain using the calculation τ≥0 TC(k) ' Zp,
as we then have a T-equivariant map

Zp ' τ≥0 TC(k)→ TC(k)→ TC−(k)→ THH(k).

This induces a map of Tate constructions

(Zp ⊗B(m))tT → (THH(k)⊗B(m))tT, (8.8)

which induces a map of Tate spectral sequences. We now use the fact that π∗k
tT ' k[t±1],

with |t| = −2 (which one immediately obtains from a Tate spectral sequence argument). It
is clear now in the Tate spectral sequence of the left-hand side that of (8.8) that there is a
class zm, which is clearly an infinite cycle for degree reasons, which is also sent to the zm in
discussion.
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We now also claim that d2(ym) = mzmt in both Tate spectral sequences above (see [Spe19b,
Lemma 5.2]). From this we can obtain some results.
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Proposition 8.9 ([Spe19b, Proposition 5.1]). For odd m we have

π2r+1(THH(k)⊗B(pvm)tT) 'Wv(k),

the p-typical Witt vectors of length v, and

π2r+1(THH(k)⊗B(pvm)) '
{

Wv+1(k) form ≤ 2r + 1
Wr(k) form > 2r + 1

The even case will turn out to be trivial, so the result for odd m is all we care about. This is
a proof using our Tate spectral sequence of (8.7).

Sketch. The base case for v = 0 we note the only classes to support non-zero differentials come
from ym as the other classes are cycles, however, we calculate

d2(ym) = mtd(ym) = mtzm

and notice that as m is a unit in k, d2 is an isomorphism and our whole spectral sequences
collapses to zero on the E3-page and we’re done. For the inductive case, we look at the
Frobenius

φp : THH(k)⊗B(pvm)→ THHtCp ⊗B(pv+1m)tCp .

Taking (−)hT we obtain the map

φhTp : (THH(k)⊗B(pvm))hT → THH(k)kT ⊗B(pv+1m)tT,

where here we are using the fact that (−)tT
'−→ ((−)tCp)hT is a p-completion (see [NS18,

Lemma II.4.2]). One then applies Proposition 8.6 to see above map is quite highly connected,
the inductive hypothesis, the Tate spectral sequence (8.7), and a little elbow grease to obtain
the desired conclusion. 4

Now we need to focus on computing the equalizer we mentioned before, i.e., the equalizer
defining TC. Recall,

TC(A, I) = Eq(TC−(A, I)
φp−can−−−−−→ TP(A, I)).

From this we can obtain (see [Spe19b, Section 6]),

TC2r+1(A, I) 'W(k)2r+2/V2W(k)r+1,

where V2 is a Verschiebung map. As stated at the beginning, using Theorem 7.2 one obtains
the promised result, originally appearing in [HM97, Theorem A] and more recently in [Spe19b,
Theorem 1.1].

Theorem 8.10 (Hesselholt-Madsen). Let r ≥ 1. Then one has an isomorphism

K2r−1(Fp[x]/x2, (x)) 'W2r(Fp)/V2W(Fp),

and the (positive) even dimensional K-groups are zero.

The more general form of the above theorem replaces Fp with a perfect field of positive
characteristic, and A be k[x]/xe for some e ≥ 2. The difference in proofs between this more
general case and Theorem 8.10 are mostly notational.
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Q & A session I (Ben & David)

Question 8.11. What is a scheme?

Schemes are geometric objects patched together by rings. In (a little) more detail, a topological
space with a sheaf of rings (X,OX) which is locally isomorphic to SpecR (affine scheme) for
some R. See [Har83, Chapter II].

Question 8.12. What does qcqs mean?

It stands for quasi-compact and quasi-separated. We say X quasi-compact if it has a finite affine
open cover.43 We say X quasi-separated if the inverse image along the diagonal ∆X : X →
X ×X of quasi-compact subsets of X ×X are quasi-compact. In particular, as affine schemes
are quasi-compact, then this implies the intersection of two affines is covered by finitely many
affines. See [Aut19, Tag 01KK].

Question 8.13. What is a smooth/étale map of schemes?

A smooth map is an algebraic analogue of a submersion of manifolds. An étale map is an alge-
braic analogue of a covering space morphism. Étale maps also look like finite Galois extensions
on stalks. We should also mention that open immersions are étale and étale morphisms are
also smooth.44 See [Aut19, Tag 01V5] and [Aut19, Tag 02GI].

Question 8.14. What is the tensor product on Catst
∞ or Catst,cocont

∞ ?

Whether or not you have something stable, you might be interested in functors

Fun(C ⊗ D, E) = Funbi−ex(C × D, E) ' Funex(C,Funex(D, E)).

Here we want to be able to define without making choices/being explicit/using generators and
relations like in linear algebra. See [Lur17, Section 4.8].

Example 8.15. Good examples to keep in mind are the following.

• If C = PreSp(C0) and D = PreSp(D0), then one obtains C ⊗ D = PreSp(C0 ⊗D0).

• For E∞-rings A and B one has both

PerfA ⊗ PerfB ' PerfA⊗B, ModA ⊗ModB ' ModA⊗B.

Question 8.16. How does dualizability work in Catst,cocont
∞ ?

Recall an object X in a symmetric monoidal ∞-category C⊗ is dualizable if there exists an
object DX and maps DX ⊗X → S and S→ DX ⊗X such that the following composition is
the identity,

X
coev⊗X−−−−−→ X ⊗DX ⊗X id⊗ev−−−→ X.

43We avoid simply saying “compact” as that may imply some sort of Hausdorff condition that we absolutely
do not want.

44This last note implies that Zariski open immersions are étale maps.
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Example 8.17. For a symmetric monoidal (∞-) category C, write Cdual for the full subcategory
of dualizable objects.

1. Let k be a commutative field. We know from linear algebra that a dualizable k-vector
space is precisely a finite dimensional vector space. The construction

Dkn = Homk(k
n, k)

works, where the evaluation map is incredibly easy to define, but the coevaluation map
is slightly more tedious.

2. Moving to derived categories, one can check the dualizable objects of D(k) are precisely
the compact objects of D(k), which requires some work to show, like knowing that
dualizable objects are closed under retracts, finite sums, etc..

3. In Catst,⊗
∞ we see that DC for a stable ∞-category C can be given by Funex(C, Spω). The

evaluation map is again reasonably simple to write down, but part of the moral of this
answer is that the coevaluation is not so easy.

4. If k is a ring, then smooth and proper k-algebras are dualizable. The properness gives
us the desired compactness and smoothness the desired coevaluation map.

Question 8.18. Why is algebraic K-theory important?

That’s a good question.
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9 Excision in algebraic K-theory (Tobias Lenz)

9.1 Excisive squares

We begin with the following question about the “excisiveness” of K-theory:

Question 9.1. Given a pullback

A A′

B B′

(9.2)

of ring spectra, when does K(−) of this diagram yield another pullback?

This question is answered by Land and Tamme in [LT18].

Theorem 9.3 ([LT18, Theorem A (n = ∞)]). Let (9.2) be a diagram of E1-rings such that
A′ ⊗A B

∼−→ A′ is an equivalence. Then the induced square on K-theory is a pullback.

The more general form of the above theorem appearing in [LT18] simply asks A′ ⊗A B → A′

to be n-connective, which tells us the square on K-theory is n-Cartesian. The difference in
the proof is slight.

The spirit of this type of excision result goes way back.

Remark 9.4 (Mayer-Vietoris). Let

E E′

F F ′

i

j g

f

be a diagram in Sp. Then this is a pullback if and only if

E
(i,j)−−→ E′ ⊕ F

(gf )
−−→ F ′

is a fiber sequence. If all spectra in sight are discrete, i.e., we have a diagram in Ab then this
is true if and only if

0→ E → E′ ⊕ F → F ′ → 0

is exact.

In algebraic K-theory we have excision results of Suslin.

Example 9.5 ([Sus95, Theorem A]). Let A → B be a surjective map of discrete rings with I
the kernel and Z o I the initial unital ring under I. We then have a pullback square of rings

Z o I A′

Z B′

.
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Assume the conditions of theorem are satisfied (equivalently, that the higher Tor-groups vanish,
so TorZoI∗ (Z,Z) = 0 for all ∗ > 0), then K(Zo I, I) ' K(A′, I). If I unital, then the left-hand
vertical map admits a splitting and the theorem follows.

Some people call the above vanishing of higher Tor condition Tor-unitality, which one can also
define as follows.

Definition 9.6. A ring homomorphism A → A′ is Tor-unital if one of the following equiva-
lent45 conditions holds

1. The natural map A′ ⊗A A′
∼−→ A′ is an equivalence.

2. The natural map A′
∼−→ A′ ⊗A A′ is an equivalence.

3. The right adjoint of the forgetful functor A′ ⊗A − : ModA → ModA′ is fully faithful.

Let’s try to prove Theorem 9.3 now.

Definition 9.7. A square in the ∞-category Catst
∞ of stable ∞-categories and exact functors

A B

C D

(9.8)

is said to be excisive if
Ind(A) Ind(B)

Ind(C) Ind(D)

is a pullback of ∞-categories and the right adjoint of Ind(B)→ Ind(D) is fully faithful.

Theorem 9.9 ([LT18, Theorem B]). If (9.8) is excisive and E is weakly localizing46 then the
image of (9.8) under E is a pullback.

The weakly localizing invariant to keep in mind is of course K-theory.

Theorem 9.10 ([LT18, Theorem C]). The diagram of E1-rings (9.2) such that A′⊗AB
'−→ A′

is an equivalence induces an excisive square

PerfA PerfA′

PerfB PerfB′

.

45The proof of equivalency is mostly clear, and the non-obvious directions use some “Adjunction magic.”, so
one checks these equivalences by playing with units and counits.

46Recall a functor F : Catst
∞ → Sp is weakly localizing if it inverts Morita equivalences and sends exact

sequences to (co)fiber sequences. This follows [BGT13] and is in conflict with the language of [LT18].
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Remark 9.11. Suppose we have in Catst
∞

A B C
f p

where f fully faithfull with essential image the kernel of p. If a fully faithful right adjoint of p
exists, then one can check the above sequence of ∞-categories is exact. The same conclusion

holds if this were to take place is Prst
L or Ĉat

st

∞ too.

Hey, but it seems easy to prove Theorem 9.3 now. We can just say, the fibers of the horizontal
maps are equivalent in 9.2 after passing to module categories, so its an equivalence after K(−),
hence it is a pullback square on K(−)? This argument is totally fine for G-theory, but for
K-theory we have a big problem: the forgetful functor does not preserve compact objects.
This forces a more complicated argument.

9.2 Lax pullback construction

Definition 9.12. Consider the following diagram of (not necessarily small) ∞-categories,

A f−→ C g←− B. (9.13)

Let I = ∆1 be the 1-simplex. We then have the following two types of “pullbacks”: the left is
a model for the strict pullback and the right a model for the lax pullback,

A×hC B C(I)

A× B C × C

ev0,ev1

f×g

,

A~×CB CI

A× B C × Cf×g

,

where C(I) ⊆ CI is the full subcategory spanned by the equivalences of C.

Lemma 9.14 ([Tam18, Lemma 8]). Assume (9.13) is a diagram in Catst
∞, then the lax pullback

A~×CB is stable, the projections are exact, and A ×hC B ⊆ A~×CB is a stable subcategory.
Similarly in Prst

L .

Lemma 9.15 ([Tam18, Proposition 10]). Assume (9.13) is in Catst
∞, then the sequence

B A~×CB A

b (0, b, f(0)→ g(b))

r pr1

s

is split exact in Catst
∞, and r is the left47 adjoint to pr2. Similarly in Prst

L .

47The “r” stands for “retract”.
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Proof. One can easily check pr2r ' id, so given b ∈ B and (a′, b′, ϕ′) ∈ A~×CB, it suffices to
show the natural map

pr2 : Map~×(r(b), (a′, b′, ϕ′))
∼−→ MapB(b, b′)

is an equivalence. To this end we consider the following diagram of spaces,

Map~×(r(b), (a′, b′, ϕ′)) MapCI (f(0)→ g(b), ϕ′)

MapA(0, a)×MapB(b, b′) MapC(f(0), f(a′))×MapC(g(b), g(b′))

.

This diagram is a pullback from the definition of A~×CB. The right-vertical map is an equiv-
alence, and both MapC(f(0), f(a′)) and MapA(0, a) are contractible, hence the right vertical
map is our desired equivalence.

The following proposition is just a little extra work to show.

Proposition 9.16 ([Tam18, Corollary 12]). Assume (9.13) is in Catst
∞, and g has a fully

faithful right adjoint. Then the map A~×CB → C has a fully faithful right adjoint and the
sequence

A×hC B → A~×CB → C

is exact. Similarly in Prst
L .

We want to apply the previous proposition is these Ind-categories, so we will need to know
that working with Ind-categories and then passing to compact objects preserves exactness.
This was originally shown in [TT90] and generalized as [Nee92, Theorem 2.1].

Theorem 9.17 (Thomason-Trobaugh, Neeman). Assume we have an exact sequence of com-
pactly generated ∞-categories in Prst

L

A f−→ B π−→ C,

and that f, π preserve compact objects. Then Aω → Bω → Cω in Catst
∞ is exact.

Non-example 9.18. This theorem might seem a little trivial, but it not easy to prove, and
there are counter-examples if we drop any of the assumptions. A classical non-example is the
following. Consider

A := colim
(
Fp[t]

t7→tp−−−→ Fp
t7→tp−−−→ · · ·

)
= Fp[t

1/p∞ ].

We have a map A
t7→0−−→ Fp whose kernel we write as a. We first claim that this map is

Tor-unital, but that the kernel of Fp ⊗L
A − is not generated by compact objects in D(A).
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Sketch of Tor-unitality. Let us show a⊗L
A Fp vanishes. We have a map

colim (A A A, ”t1/p
2
” · · · )

a

t

t1−1/p

t1/p

t1/p−1/p2

,

which in fact exhibits a as the above colimit. From this we obtain

a⊗L
A Fp ' colim (A

t1−1/p

−−−−→ A→ · · · )⊗A Fp = colim (Fp
0−→ Fp

0−→ · · · ) ' 0.

4
Sketch that ker(Fp ⊗L

A −) ( ker(Aa ⊗L −). The containment is clear, and if these two kernels
are equivalent then we would have a diagram of ∞-categories with exact rows,

ker(Fp ⊗L
A −) D(A) D(Fp)

ker(Aa ⊗L −) D(A) D(Aa)

∼= G .

The fact the rows of the above diagram are exact imply that G is also an equivalence, but it
is clearly not fully faithful, which one can see from the fact the following map is clearly not
injective,

Aa ' HomAa(Aa, Aa)→ HomFp(Fp,Fp) ' Fp.

The rest of the non-compactly generated argument is harder. 4

We can now give a sketch of the proof of Theorem 9.9 following [Tam18, Theorem 18]. As
mentioned, a proof of the more general statement of [LT18, Theorem A] differs only in the
complexity of notation, and we’ll see this in Theorem 10.12 anyhow

Sketch of proof of Theorem 9.9. Let A = IndA and similarly for B and C. Consider the
following pullback diagram of ∞-categories,

A B

C D

. (9.19)

As (9.8) is excisive, the functor B → D has a fully faithful right adjoint, and we then consider
the following diagram,

A B~×DC D

B ×hD C

'

π

.
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The top row is exact by Proposition 9.16 and the fact (9.19) is a pullback diagram. Applying
(−)ω we obtain

Aω Bω~×DωCω Dω

A B~×DC D

⊂ ⊂ ⊂ .

The vertical inclusions are exact as they are idempotent completions. Applying E to the
bottom row gives us a fiber sequence of spectra,

E(A)→ E(B~×DC)→ E(D),

and one can then check that E(B~×DC) ' E(B)⊕ E(C) with the obvious maps. Remark 9.4
tells us the desired square is Cartesian. 4
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10 K-theory of pullbacks I (Christian Dahlhausen)

Let Catperf
∞ be the ∞-category of stable idempotent complete ∞-category with exact func-

tors, and PrL,stω the ∞-category of compactly generated stable presentable ∞-categories with
left adjoint functors. These two ∞-categories are equivalent through taking the idempotent
completition and taking compact objects,

Catperf
∞ Prst,ω

L

(−)ω

Idem

.

10.1 Main theorem of [LT18]

Recall, a weakly localizing invariant is a functor E : Catperf
∞ → C, where C is a any stable ∞-

category, sending exact sequences to fiber sequences. The following is [LT18, Main Theorem].

Theorem 10.1 (Land-Tamme). Consider a pullback of E1-rings,

A B

A′ B′

. (10.2)

Then there is exists a commutative diagram of E1-rings extending (10.2)

A B

A′ A′ �B′A B

B′

. (10.3)

Moreover, any weakly localizing invariant E sends the center sequence of (10.3) to a pullback
square, and we have an equivalence of spectra

A′ �B′A B
'−→ A′ ⊗A B.

In particular, the equivalence of spectra above is not an equivalence of E1-rings. Recall the
lax pullbacks Definition 9.12.

Sketch of proof. We do not claim that any of the following is obvious, and we will discuss
many of the details shortly.
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Given (10.2), then we have a diagram,

RModA RModA′ ~×
RModB′

RModB Ind(Q)

PerfA PerfA′ ~×
PerfB′

PerfB Q

i j

i

inc.
inc. . (10.4)

where i(L) = (L ⊗A A′, L ⊗A B, can). One checks the i upstairs preserves colimits, so it has
a right adjoint s which is fully faithful. Taking the cofiber of the bottom map, and using the
Schwede-Shipley recognition principle (as this cofiber Q is generated by a single object) we see
that

Q ' Perf
A′�B′A B

,

for some E1-ring A′ �B′A B (whose definition can be found in Definition 10.9), which gives
us our first conclusion. For the “moreover” statement, we observe we also have maps from
RModA′ (resp. RModB) to the top-middle of the above sending X to (X, 0, 0) (resp. Y to
(0, Y )). We then see that the map j is a Bousfield localization, and identify

Ind(Q) ' RMod
A′�B′A B

.

This allows us to see Q ' Perf
A′�B′A B

. The fact the bottom row of (10.4) is exact (by con-

struction) and the assumption E is weakly localizing give us the first half of the “moreover”

statement. One then works harder to obtain the equivalence of spectra A′�B′A B
'−→ A′⊗AB. 4

Let’s get into some of the details now. First, the right adjoint s of i in the proof above has an
explicit description:

s(M,N, f) 'M ×
N⊗BB′

N,

where M → N ⊗B B′ is the composite M →M ⊗A′ B′
f−→ N ⊗B B′. Let us verify this.

Proof s is right adjoint to i. Consider the following chain of natural equivalences, where
MapR(−,−) denotes the mapping space in ModR and Map~×(−,−) the mapping space in the
relevant lax pullback.

MapA(L, s(M,N, f)) = MapA

(
L,M ×

N⊗BB′
N

)
' MapA(L,M) ×

MapA(L,N⊗BB′)
MapA(L,N)

' Eq
(
MapA(L,M)×MapA(L,N) −→−→ MapA(L,N ⊗B B′)

)
' Eq

(
MapA′(L⊗A A′,M)×MapB(L⊗A B,N) −→−→ MapB′(L⊗A B′, N ⊗B B′)

)
' Map~×(i(L), (M,N, f)).
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In the last line we used the identification of the mapping space inside lax pullback categories
of Proposition 5.10. It follows s is right adjoint to i. 4

Corollary 10.5. The functors i and i|Perf are fully faithful.

Proof. Check this by observing the unit is an equivalence, which comes from the above explicit
description of the adjoint functors and the fact our original square (10.2) is Cartesian.

Back to the proof explanation. We have the following not a priori commutative diagram of
∞-categories,

PerfA Perf(B)

Perf(A′) Perf(A′) ~×
Perf(B′)

Perf(B)

i2

i1 j2

j1

,

involving the obvious extension of scalars functors and inclusions. There is an explicit natural
transformation τ between j1i1 → j2i2. This gives us a map i which is either of these two
composites, and then we take the cofiber of i, whose canonical map we call

p : Perf(A′) ~×
Perf(B′)

Perf(B)→ cofib(i).

We want to see this cofiber is equivalent to Perf
A′�B′A B

. To see this we use the functor

Alg→ Catperf
∞,•, R 7→ (PerfR, R) (10.6)

where the codomain category is the Grothendieck construction, so objects are a category and
an object of that category. It is a restatement of a big (classical) theorem of Schwede and
Shipley (see [SS03]) that this is a fully faithful embedding.

Theorem 10.7 ([LT18, Lemma 1.10]). The functor (10.6) extends to a fully faithful functor

Alg→ AlgE0
(Catperf

∞ )

whose essential image consists those pairs (C, C) where C is a generator of C, and whose
inverse on these objects is given by (C, C) 7→ EndC(C).

Sketch of proof. Let C be an object of PrL,stω , and C ∈ C a compact generator, then we claim
that C → ModEndC(C) given by X 7→ MapC(C,X) is an equivalence. We have an adjoint

φC : ModEndC(C) → C

given by sending EndC(C) to C, and then extend using cones and sums etc.. One then checks
that the counit is an equivalence by hand. 4

We can now see the lax pullback in the centre-top position of diagram (10.4), has generators
from A′ and B, which in-turn implies.
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Proposition 10.8 ([LT18, Lemma 1.11]). The category Q of (10.4) is generated by B =
p(0, B, 0).

Proof. We look at the cofiber sequence

(0, B, 0)→ (A′, B, can)→ (A′, 0, 0),

and then apply p. It follows that Q is generated by B and A′, however, p(ΩA′, 0, 0) ' B.

Definition 10.9. Given the setup above, we define A′ �B′A B as EndQ(B).

Now we need to try and understand this weird E1-ring a little better. Let E be a weakly
localizing invariant. Then by Theorem 9.9 we see that

PerfA → PerfA′ ~×
PerfB′

PerfB → Perf
A′�B′A B

gives rise to a fiber sequence of spectra

E(PerfA)→ E(PerfA′)⊕ E(PerfB)→ E(Perf
A′�B′A B

),

where the above maps are the obvious inclusions and projections.

For now we’ll need to skip the proof that we have an equivalence of spectra (not E1-rings)

A′ �B′A B ' A′ ⊗A B.

See [LT18, Proposition 1.13] for more details.

10.2 Applications

Definition 10.10. Consider a diagram of spectra

X Y

Z W

.

We say such a diagram is n-Cartesian if X → Z ×W Y is n-connective (or equivalently
Ωf(Z ∪X Y ) → W is (n + 1)-connective). We say a weakly localizing invariant E is k-
connective if for all maps of connective E1-rings A → B which are isomorphisms on π0 and
are n-connective, then the map E(A)→ E(B) is (n+ k)-connective.

The following is a classical result of Waldhausen.

Theorem 10.11 (Waldhausen). K-theory is 1-connective.

Using the Theorem 10.1 we obtain the following useful theorem.
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Theorem 10.12 ([LT18, Theorem 2.7]). Let (10.2) be a pullback in connective E1-rings, such
that

A′ ⊗A B → B′

is n-connective and a π0-isomorphism. Then if E is k-connective, then E of the square is
(n+ k − 1)-connective.

Proof. By Theorem 10.1 it suffices to show E(A′�B′A B)→ E(B) is (n+ k)-connective, which
follows straight from our assumptions.

Definition 10.13. We say that E is truncating if for all connective E1-rings A, the canonical
map E(A)→ E(π0) is an equivalence. We also say E is excisive if for all diagrams (10.2) such
that π0(A′ ⊗A B)→ π0(B′) is an isomoprhism, then E of this square is a pullback.

Theorem 10.14 ([LT18, Theorem 3.3]). Truncating implies excisive.

Proof. Let E be a truncating invariant. As (10.2) is Cartesian in connective E1-rings and the
induced map π0A

′ ⊗A B → π0B
′ is an isomorphism, we see the natural map E(A′ �B′A B) →

E(B′) is an equivalence, and we obtain our result by Theorem 10.1.

The Dundas-Goodwillie-McCarthy theorem (the non-connective version) says that K inv is
truncating. We will see more application of Theorem 10.1 throughout the week.
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11 K-theory of pullbacks II (Ian Coley)

Want to extend Theorem 10.1 to pro-systems (see [LT18, Section 2.4]). The method used in
[KST18] to prove the Weibel conjecture explicitly uses pro-excision results about K-theory.

11.1 Pro-categories

This definition is made ambiguously for 1- and ∞-categories, as the two explicit definition are
identical.

Definition 11.1. A cofiltered category is a small category Λ48 is cofiltered if

0. it is nonempty,

1. any two objects have a cone49, and

2. every pair of parallel morphisms can be equalized50.

Given a category C, then a pro-object in C is a functor {Aλ} = A• : Λ→ C for some cofiltered
Λ. Let Pro(C) be the category with objects pro-objects of C and morphisms from A• : Λ→ C
to B• : Γ→ C the object (set/space/spectrum/etc.)

lim
γ

colim
λ

HomC(Aλ, Bγ).

The intuition for the final part of this definition is the following. If limAλ = A∞ and limBγ =
B∞ did exist in C, then we would have the following chain of equivalences,

lim
γ

colim
λ

HomC(Aλ, Bγ) ' lim
γ

colim
λ

HomFun(yBγ , yAλ) ' lim
γ

HomFun(yBγ , colim
λ

yAλ)

' HomFun(colim
γ

yBγ , colim
λ

yAλ) ' HomFun(yB∞, yA∞) ' HomC(A∞, B∞).

Above y denotes the Yoneda embedding, and we’ve used the Yoneda lemma, the universal
property of colimits, and the facts that representable presheaves are compact objects in the
functor category and the Yoneda embedding sends limits to colimits. Hence pro-objects behave
as cofiltered limits would in C.

Proposition 11.2. Any morphism f : A• → B• is equivalent to a natural transformation, i.e.
level map, i.e. objectwise.

Sketch of proof. Find common refinement of the diagrams Λ and Γ. 4

For the rest of this talk, it will suffice to consider C = S, Algcn or Ab.

48Absolutely nothing to do with the specific categories of Talk 6.
49Two objects X and Y in a category C participate in a cone if there is an object Z and maps Z → X and

Z → Y .
50Two parallel morphisms f, g : X → Y in a category C are equalized by an arrow h : Z → X if fh ' hg.
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Remark 11.3. There is a canonical morphism RMod → Alg (see [Lur17, Definition 4.2.1.13],
setting C⊗ = Assoc⊗ and M = Sp, or [LT18, Section 2.4]), such that for each E1-ring A, the
fiber of this map over A is precisely ModA. Appying Pro(−) to this morphism, we can now look
at the fiber of a pro-E1-ring {Aλ} that we call Pro(RMod){Aλ}, and similarly for left modules
and bimodules. For each of these categories C we still have truncations τ≤n : Pro(C)→ Pro(C)
and homotopy group functors πi : Pro(C)→ Pro(Ab).

The question that remains is:

Question 11.4. How have we changed the homotopy theory by passing to pro-objects?

11.2 Pro-objects, homotopy theory, and Land-Tamme

Definition 11.5. A morphism f : {Aλ} → {Bλ} in Pro(Sp) is an n-connective if τ≤n−1(fib(f)) '
0 in Pro(Sp), and a weak equivalence if it is n-connective for all n ≥ 0. The corresponding
notions in Pro(C) for C = RMod{Aλ} or Algcn are the notions after forgetting to Sp. An

object {Aλ} ∈ Pro(C) is bounded below if τ≤n{Aλ}
∼←− 0 for some n ∈ Z, and bounded above if

{Aλ}
∼−→ τ≤n{Aλ} for some n ∈ Z. We say {Aλ} is bounded if it is both bounded below and

above.

Note that in [LT18] they use the prefix weak/weakly when discussing adjectives associated to
pro-objects, a convention we won’t follow. We can obtain intuitive results for bounded objects
by arguing one homotopy group at a time.

Lemma 11.6 ([LT18, Lemma 2.28]). 1. A map between bounded below objects in Pro(C) is
a weak equivalence if and only if it induces an isomorphism on all pro-homotopy groups.51

2. For any system {Aλ} ∈ Pro(Algcn), the forgetful functor Pro(RMod{Aλ}) → Pro(Sp) is
conservative on bounded objects.

3. The forgetful functor Pro(Algcn)→ Pro(Sp) is conservative on bounded objects.

Sketch of proof. In all of these proofs we rely on the finiteness assured by the particular bound-
edness conditions in place and use a Postnikov tower argument along with known facts about
pro-Abelian groups. 4

A nice consequence of the above lemma is that a map of bounded below pro-objects in Algcn,
RMod, or Sp is a weak equivalence if and only if it is a weak equivalence on all truncations.

Lemma 11.7 ([LT18, Lemma 2.30]). Any n-connective map in Pro(Algcn) is equivalent to a
level map which is levelwise n-connective.

Sketch of proof. First, replace by (any) level map {Aλ → Bλ}λ. By Lemma 11.6 then says

51Note that things can be strange for non-bounded below objects.
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that τ≤n−1(f) is an equivalence. Replacing {Bλ} by the equivalent pro-E1-ring{
τ≤n−1Aλ ×

τ≤n−1Bλ
Bλ

}
,

we may assume τ≤n−1Aλ → τ≤n−1Bλ is an equivalence for every λ. We are now close, and a
little deformation theory gets us the rest of the way there. 4

Recall Theorem 10.1, so consider a diagram of E1-rings,

A B

A′ B′

,

which is a pullback in Algcn, then the connectivity of A′⊗AB → B′ tells us the “cartesian-ity”
of K(�) (see [LT18, Theorem A] for a precise statement).

Theorem 11.8 ([LT18, Theorem 2.32]). Consider a square of pro-E1-rings

Aλ Bλ

A′λ B′λ

which is Cartesian and the canonical map {A′λ ⊗Aλ Bλ} → {B′λ} is n-connective for some
n ≥ 1. Then the diagram of pro-spectra

{K(Aλ)} {K(Bλ)}

{K(A′λ)} {K(B′λ)}

is n-cartesian.

Proof. Firstly, take the pullback of each square λ ∈ Λ.

Cλ Bλ

A′λ B′λ

so {Aλ}
∼−→ {Cλ} as Pro(Algcn). We skipped a lemma ([LT18, Lemma 2.29] to be precise)

which tell us the top map of the following diagram is an equivalence,

{A′λ ⊗Aλ Bλ} {A′λ ⊗Cλ Bλ}

{B′λ}

∼

(1) (2)
.

65



We note that (1) is an n-connective map of pro-E1-rings, hence (2) is also n-connective, but we
can change (2) to a levelwise n-connective morphism by Lemma 11.7. We can now essentially
use [LT18, Theorem A] levelwise.

Corollary 11.9 ([LT18, Corollary 2.33]). If f : A → B (discrete) ring homomorphism such
that I ⊆ A is a two-sided ideal sent isomorphically to f(I) ⊆ B. If the pro-Tor-groups
{TorAi (A/In, B)} (indexed on n ∈ Nop) vanish for 1 ≤ i ≤ n − 1, then the diagram of pro-
spectra

{K(A)} {K(B)}

{K(A/In)} {K(B/f(In))}

is n-Cartesian, where an entry with no index is a constant pro-system.

Proof. Use Theorem 11.8 with Λ = Nop and the other obvious changes. The pro-Tor-condition
above is equivalent to the connectivity of the map in the hypotheses of Theorem 11.8.

Let’s see a quick example of the use of such a statement. Note that if A is a commutative
Noetherian ring, then all of the pro-Tor-groups vanish.

Example 11.10. Let A = k[x, y]/xy, B = A/y ' k[x], and I = (x). Geometrically, SpecA
is the coordinate axes, SpecB is the x-axis, and SpecA/xn is the y-axis with a infinitesimal
thickening at the origin. One can check that the Tor-groups here do not vanish, but the
pro-Tor-groups do. This example is used in [Spe19a].
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12 Rigidity of K inv over Henselian pairs (Ran Azouri)

We’ll follow the paper here of Clausen, Mathew, and Morrow (see [CMM18]) and try to sketch
the main points in the proof of Theorem A.

Assumptions 12.1. For this talk we will discuss connective K-theory, Kcn. In particular,
K inv will be the fiber of the cyclotomic trace Kcn → TC. Let us recall also that when we write
Kcn(R, I) of a pair (R, I) of a ring R and an ideal I, then this is the fiber of the natural map

Kcn(R)→ Kcn(R/I),

and the same goes from K inv(R, I).

The following is Theorem A of [CMM18, Theorem A].

Theorem 12.2 (Clausen-Mathew-Morrow). For any Henselian pair (R, I) and any n ∈ Z,
the natural map

K inv(R)/n
'−→ K inv(R/I)/n

is an equivalence.

This generalizes the following classical theorem of Gabber.

Theorem 12.3. If (R, I) is a Henselian pair, n ∈ R×, then the natural map

K(R)/n
'−→ K(R/I)/n

is an equivalence.

Let’s now discuss these results.

12.1 Henselian pairs

Definition 12.4. Let R be a (commutative) ring and I ⊆ R an ideal. We call (R, I) a
Henselian pair if any of the following equivalent52 conditions are satisfied.

1. The pair satisfies Hensel’s lemma, i.e., for any f ∈ R[x], α ∈ R/I a simple root of the
mod I reduction of f , then α lifts to a simple root α of f in R.

2. For any étale morphism of rings A → B, there exists a unique lift l in the following
commutative diagram,

A R

B R/I

l .

3. For all g ∈ I(x) ⊆ R[x] for n ≥ 0, x(1 + x)n−1 + g(x) = 0 has a solution in I.

52A statement and proof of the equivalence of these conditions can be found in [Aut19, Tag 09XI]
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Note that this third condition only relies on the non-unital ring structure of I, so we will be
interested in non-unital rings. Let Rng denote the category of non-unital rings. Write Rngh for
the category of Henselian non-unital rings, i.e., non-unital rings satisfying condition 3 above.

We need to know some facts about Henselian rings etc..

Proposition 12.5. 1. The inclusion Rngh → Rng has a left adjoint called the Henselian-
ization of a non-unital ring, and this process gives us the same output as (R, I) 7→
(Rh, Ih).

2. The pair (R, I) is Henselian if and only if (Z n I, I) is Henselian.

3. If (R, I) and (S, J) are Henselian pairs with a diagram

I J

R S

f

,

where f is an isomorphism, then the natural map

K inv(R, I)
'−→ K inv(S, J)

is an equivalence.

One can find a proof of these statements in [Aut19, Tag 0EM7], and the statements about
K-theory in [CMM18, Corollary 4.34]53 building off of statements due to Cortiñas ([Cor98]),
Geisser-Hesselholt ([GH06a]), and Dundas-Kittang ([DK13]).

Example 12.6. There are some examples that we can always keep in mind.

• Let R[x1, . . . , xn]+ denote the ideal

(x1, . . . , xn) ⊆ R[x1, . . . , xn],

and R{x1, . . . , xn}+ its Henselianization.

• Given a complete local ring R, then the maximal ideal and R form a Henselian pair.

• Nilpotent extensions give us Henselian pairs, which is clear from part 2 of Definition 12.4.

Notice also, that from part 2 of Proposition 12.5, to prove Theorem 12.2, we need only show
the functor F : Rngh → Sp defined by

I 7→ K inv(Z n I, I)/p, (12.7)

is equivalent to the zero functor.

This proof of Theorem 12.2 will be divided into three steps:

53This Corllary is not a corollary of Theorem 12.2, but in fact a critical ingredient as we shall see.
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1. First, we will prove the theorem in a simple case, i.e., that

K inv(k{x1, . . . , xn}+)/p ' K inv(k)/p,

for a prime field k = Fp or Q.

2. Second, we will formulate some axiomatic rigidity argument that will allow us to extend
to the general case. This will involve analysing F of (12.7) and showing it is projectively
pseudo-coherent, which is a concept to be defined soon.

3. Third, and lastly, we will check that our F of (12.7) satisfies the conditions of the
axiomatic rigidity argument. One nice thing about this proof, is that although Gabber’s
proof has very different details, it follows similar beats.

Proof of step 1. The case of k = Q has already been proved by Gabber (see [Gab92]) and
Suslin (see [Sus84]), so let’s talk about the k = Fp case (where p is the same p as in (12.7)).
There is an inverse Cartier map54,

C−1 : Ωn
R → Ωn

R/d(Ωn−1
R ),

where R is an Fp-algebra, characterized by a 7→ ap and db 7→ bp−1db. Let νn(R) be the kernel
of C−1−1 and ν̃n(R) the cokernel of C−1−1. If R is a smooth local Fp-algebra now, then deep
facts of Geisser-Levine (see [GL00]) and Geisser-Hesselholt (see [GH99]) (summarised nicely
in [CMM18, Theorem 4.28]) tell us there is a natural map

πn(K(R)/p)
'−→ νn(R),

that this map is an isomorphism, and that there is a split short exact sequence

0→ ν̃n+1(R)→ πn(TC(R)/p)→ νn(R)→ 0.

Applying this to the fiber sequence

K inv/p→ K/p→ TC /p

we see that the natural map
πn(K inv(R)/p)

'−→ ν̃n+2(R)

is an isomoprhism. Hence, it suffices to show ν̃n(R)→ ν̃n(R/I) is an isomorphism. Consider
the following diagram whose middle two rows and middle two columns are exact.

V0 V1

Ωn
R Ωn

R/dΩn−1
R ν̃n(R) 0

Ωn
R/I Ωn

R/I/dΩn−1
R/I ν̃n(R/I) 0

0 0

α

C−1−1

C−1−1

.

54This map will be defined and discussed more in Talk 14.
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It is enough to show α is surjective, so to this end let w = adx1 ∧ dx2 ∧ · · · ∧ dxn where one of
{a, x1, . . . , xn} is in I, and together they generate ν1. One then manually computes by hand
that

(1− C−1)(uw) = (u− upap−1xp−1
1 · · ·xp−1

n )︸ ︷︷ ︸
λ

w. (12.8)

We want to know if this is equal to w, and by Hensel’s lemma there is a u′ such that the
term λ in the brackets on the right-hand side of (12.8) above is equal to 1, as the coefficient
on the right, ap−1xp−1

1 · · ·xp−1
n , lies in I. Hence, setting u = u′ forces λ = 1 and we see α is

surjective.55

We can now jump straight into the next part of the proof.

12.2 The general rigidity statement

Proof of step 2. Let D ⊆ C be an inclusion of ∞-categories, where C will be RnghA for some
ring A and D the idempotent completion of the full subcategory {A{x1, . . . , xn}+, n ≥ 0}.

Definition 12.9. 1. We say a functor F : C → Sp is called projectively perfect (pp) if F
belongs to the thick subcategory generated by

Σ∞+ MapC(D,−),

for all D ∈ D.

2. We say such an F is projectively pseudo coherent (ppc) if it can be approximated by pp
functors. More precisely, if for all integers n we have a pp functor F ′n and a morphism
F ′n → F such that for every object C inside C the map

τ≤nF
′
n(C)

'−→ τ≤nF (C)

is an equivalence.

One can prove the following facts about ppc functors.

1. A functor F is ppc if and only if F is the left Kan extension of F |D, and this restriction
is pseudo coherent, viewing D as a subcategory of D (see [CMM18, Lemma 4.6]).

2. The subcategory of ppc functors in Fun(C,Sp≥0) is thick, closed under geometric real-
ization, the smash product of spectra, and colimits whose diagrams are equivalent to a
finite CW-complex (see [CMM18, Proposition 4.8]).

55A similar proof idea will appear in the proof of Theorem 14.5.
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Our building blocks for ppc functors are then (see [CMM18, Corollary 4.18]),

Σ∞+ HomC(A{x1, . . . , xn}+, I) ' Σ∞+ I
n,

where the above equivalence follows from the fact that A{x1, . . . , xn}+ are the free objects of
RnghA. The general rigidity argument is then as follows.

Proposition 12.10 ([CMM18, Proposition 4.15]). Let F : Rngh → Sp be a ppc functor such
that

1. for all prime fields F (k{x1, . . . , xn}+) ' 0,

2. the functor F sends short exact sequences to fiber sequences in Sp, and

3. for I nilpotent F (I) = 0.

Then the functor F vanishes.

This ends our general setup for step 2 of Theorem 12.2.

We now need to check that our favourite functor (12.7) satisfies these rigidity arguments of
Proposition 12.10. What we will omit below is the verification that F itself is ppc, which can
be shown using finiteness arguments about K-theory and TC-separately and formal properties
of ppc functors; see [CMM18, Section 4.3] for more details.

Proof of step 3. The first condition of Proposition 12.10 is step 1, the third is the Dundas-
Goodwillie-McCarthy theorem (see Theorem 7.2), and the second step is not so bad and comes
as follows. Consider a short exact sequence in Rngh

0→ I → J → K → 0,

then we have the following commutative diagram of spectra, where F is the functor of (12.7)

F (I) F (J) F (K)

F (I) K inv(Z n J)/p K inv(Z nK)/p

0 K inv(Z)/p K inv(Z)/p

. (12.11)

It suffices to show the top row of (12.11) is a fiber sequence. The columns are fiber sequences
by the definition of our functor (12.7), and the bottom row is clearly a fiber sequences too.
Using part 3 of Proposition 12.5 we obtain a natural equivalence of spectra,

F (I) ' K inv(Z n I, I)/p ' K inv(Z n J, I)/p,

we see the middle row row is also a fiber sequence (see part 3 of Proposition 12.5 or [CMM18,
Corollary 4.34] applied to the map (Z n I, I)→ (Z n J, I)). The result follows.

We’ve now proved Theorem 12.2.
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13 Continuity for K-theory and TC (Morgan Opie)

The main theorem of [CMM18] is Theorem 12.2 discuss last time, and today we will see an
application of this theorem. We will mostly follow [CMM18, Section 5].

Assumptions 13.1. All rings in this talk will be unital commutative rings, and the variant
of K-theory we’ll focus on is again connective K-theory.

Let’s start with a question.

Question 13.2. Let I ⊆ R be an ideal of a ring R, and consider the natural map

Kcn(R)→ limKcn(R/In).

When is this map an equivalence?

Let us immediately point out that this is unreasonably to expect this map to be an equivalence
in general. Consider Z and (p). If the above map was an equivalence, then we would have
equivalences

Kcn(Z) ' Kcn(Zp) ' limKcn(Z/pn).

This cannot happen though, as the K1(Z) is purely torsion, and K1(Zp) ' Z×p , whose torsion
are precisely the roots of unity, and who cannot be entirely roots of unity as Z×p is uncountable.
We need some extra hypotheses on our rings and ideals then. One reasonable condition is to
assume that R is a complete ring with respect to I, so the natural map

R
'−→ limR/In

is already an isomorphism of rings. We will need additional hypotheses though, as the following
example dictates. Consider the natural map

THH(Zp)→ lim THH(Z/pn).

Taking π1 we obtain π1(HH(Zp)) ' ΩZp , which is not p-complete, but π1 of the right-hand
side is p-complete. Hence, we should also work mod p to avoid this problem of working up to
“p-completion”. For spectra we say a map X → Y is a mod p equivalence if X⊗S/p→ Y ⊗S/p
is an equivalence of spectra.

Theorem 13.3 ([CMM18, Theorem F]). Let R be a Noetherian ring, I ⊆ R an ideal such
that R is I-complete, and for any prime p, R/p is F -finite, so the Frobenius is a finite map of
rings56 Then the following natural map

Kcn(R)/p
'−→ limKcn(R/In)/p

is an equivalence.

Today we’ll prove this theorem, and then specialise to the case I = (p) to make some stronger
statements.

56Equivalent to F -finiteness is asking for R/p to be a finitely generated module over its pth power subring.

72



13.1 Proof of Theorem 13.3

As a historical note, there are similar theorems by Suslin, Panin, Gabber, Dundas, Geisser-
Hesselholt, and Morrow (see [CMM18, p.36] for a detailed summary).

Our first observation is that Theorem 13.3 for TC implies Theorem 13.3 for K-theory. This
is easy to see. Consider the following commutative diagram of spectra, where everything is
implicitly smashed with the mod p Moore spectrum,

K inv(R) limK inv(R/Is)

Kcn(R) limKcn(R/Is)

TC(R) lim TC(R/Is)

.

The top arrow is an equivalence from the previous talk (without the limit of course), so to
prove something for K-theory we can instead show something for TC. Also notice that the
definition of TC as

MapCycSp(S,THH(R)) = TC(R)

implies that TC commutes with limits, so it’s clear we can work with THH.

Lemma 13.4 ([CMM18, Lemma 5.2]). Let R → R′ be a map of rings such that R ⊗L
Z Fp →

R′ ⊗L
Z Fp is an equivalence, then the natural map

THH(R)/p
'−→ THH(R′)/p

is an equivalence.

Proof. The key point is that the hypotheses are equivalent to saying R⊗S/p→ R′⊗S/p is an
equivalence of spectra. It follows R⊗Sn → (R′)⊗Sn is an equivalent for all n ≥ 0, and as mod
p equivalences of spectra are preserved by colimits, we see THH(R) → THH(R′) is a mod p
equivalence.

Similarly, we have the following lemma.

Lemma 13.5 ([CMM18, Lemma 5.3]). Let R be a Noetherian ring. Then the natural map

THH(R)/p
'−→ THH(R∧p )/p

is an equivalence.

Proof. The Noetherian assumption implies bounded p-torsion, which implies the hypotheses
of Lemma 13.4 above, and then we’re done.
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Proof of Theorem 13.3 for THH. The argument here is from Dundas-Morrow, [DM17]. Note
R∧p with complete with respect to IR∧p , and we then consider the following commutative
diagram of spectra,

THH(R) lims THH(R/IsR)

THH(R∧p ) lims THH(R∧p /I
sR∧p )

.

The previous two lemmas (Lemma 13.4 and 13.5) tell us that the left and right vertical maps
are equivalences, and we know the bottom map is also an equivalence (see [DM17]). Hence
the top map is an equivalence and we’re done.

We can see that F -finiteness is necessary by looking at the following example.

Example 13.6. If k has characteristic p and is not F -finite, so it has an infinite basis over Fp,
then the map

Kcn(k[[t]])→ limKcn(k[t]/tn)

is not an equivalence. This can be seen by showing the induced map on π2 is not surjective
(see [CMM18, Theorem 5.7]).

This means we’re done with Theorem 13.3, as the THH case implies the TC case implies the
K-theory case.

13.2 p-adic continuity

Definition 13.7. We say K is p-adically continuous at R if the natural map

Kcn(R)
'−→ lim

s
Kcn(R/ps)

is an equivalence.

We want to drop the F -finiteness hypothesis (in light of Example 13.6), and we’ll do this by
considering statements about towers of spectra. Previously, Geisser-Hesselholt (see [GH06b])
show that for a local ring R which is p-torsion free and Henselian along p, then K-theory is
p-adically continuous at R. Moreover, for any j ∈ Z the induced map of pro-Abelian groups

{πj(Kcn(R)/p)} '−→ {πj(Kcn(R/pi)/p)}i≥1.

The following theorem subsumes this result of Geisser-Hesselholt.

Theorem 13.8 ([CMM18, Theorem G]). Let R be Noetherian and Henselian along (p), with
bounded pth power torsion. Then K-theory is p-adically continuous at R and the tower of
spectra

{Kcn(R/piR)/p}i≥1

is an almost strictly convergent tower of spectra.
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We will get to this statement through some derived work, i.e., with spectra and E1-rings.
One consequence of the Dundas-Goodwillie-McCarthy theorem (see Theorem 7.2) is that for
a connective E1-ring, the natural map

K inv(R)
'−→ K inv(π0R)

is an equivalence. This suggests that maneuvering around connective E1-rings can give us
statements about their π0. Let’s start to define some of the objects of Theorem 13.8.

Definition 13.9. Given a tower {Ai} of Abelian groups, so a sequences of Abelian groups

· · · → Ai+1 → Ai → · · · → A2 → A1,

we will say it is

1. nilpotent if there is an N such that for all i the map AN+i → Ai is zero,

2. the tower is quickly converging (qc) if there exists r ≥ 1 such that

{im(Ai+r → Ai)}i≥1

is eventually constant. In particular, this is say that there exist an M such that for
all x ∈ Ak, and k > M , x gives a class in the limit if and only if x is in the image of
Ak+r → Ak for some r ≥ 1.

Assumptions 13.10. We will denote towers of Abelian groups (or spectra) by {Ai} (or {Xi}).
If no i appears in the notation, we are taking the constant tower.

Now for some facts about these sorts of towers. There is an Abelian category of towers of
Abelian groups. The Abelian subcategory of qc towers is closed under extensions. Finally, the
kernel and cokernel of the map {limj Aj} → {Ai} are nilpotent for a qc tower {Ai}. We now
want to talk about towers of spectra, which are the obvious generalizations.

Definition 13.11. Let {Xi} be a tower in of spectra and denote by Tow(Sp) the stable
∞-category of towers of spectra.

1. We say {Xi} is nilpotent if there exists a fixed M such that for all i ≥ 1 the map
XM+i → Xi is the zero map.

2. we say {Xi} is quickly converging (qc) if the cofiber of the natural map

{lim
j
Xj} → {Xi}

is nilpotent.

There are some analogous facts about towers of spectra. If {Xi} is qc, then {πnXi} is qc
in towers of Abelian groups for all n ∈ Z. The converse is true if the homotopy groups are
uniformly bounded (both above and below), i.e., the homotopy groups of all Xi’s are contained
in a fixed interval [a, b]. We generalize these definitions a little with the prefix almost.
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Definition 13.12. A tower of spectra {Xi} is almost nilpotent if {τ≤nXi} is nilpotent for all
n ∈ Z, and is almost quickly converging (aqc) if {τ≤nXi} are qc for all n ∈ Z.

We are now ready to state the derived result, which, with some work, implies Theorem 13.8.

Theorem 13.13 ([CMM18, Theorem 5.21]). Let R be a connective E1-ring in ModZ such that
π0R a commutative ring and with (π0R, (p)) is a Henselian pair. Then the tower of spectra

{Kcn(R⊗Z Z/(pi))}i≥1

is aqc, and the natural map

Kcn(R)/p
'−→ limKcn(R⊗Z Z/pi)/p

is an equivalence.

This will follow from the TC version as π0R helps us to satisfy a rigidity-type hypothesis. The
TC version needs a few preliminaries.

Lemma 13.14 ([CMM18, Lemma 5.15]). Both the full subcategories of aqc towers and almost
nilpotent towers form think subcategories of Tow(Sp), which contain the subcategories of qc
towers and nilpotent towers, respectively.

Theorem 13.15 ([CMM18, Theorem 5.19]). Let {Ri} be a tower of connective E1-spectra
(and E1-ring maps) and c : R→ limRi is an E1-rings. Suppose c is a mod p equivalence and
the tower {Ri/p} is aqc. Then the tower {TC(Ri)/p} is aqc and the natural map

{TC(R)
'−→ lim TC(Ri)/p

is an equivalence

These previous two statements will grant us the following theorem.

Theorem 13.16 ([CMM18, Theorem 5.21]). Let R be a connective E1-algebra in ModZ. Then
the tower {TC(R⊗Z Z/pi)/p} is aqc and the natural map

TC(R)/p
'−→ lim TC(R⊗Z Z/pi)

is an equivalence.

Proof that Theorem 13.15 implies Theorem 13.16. Notice the transition maps in the tower of
fibers of {R} → {R⊗ZZ/pi} are multiplication by p, hence are zero mod p, and Theorem 13.15
then applies.

Sketch of proof of Theorem 13.15. We essentially want to reduce this to a THH statement.
To this end, we need to show that aqc towers in preserved by geometric realization, and the
fact that for any two aqc towers {Xi} and {Yi}, then {Xi ⊗ Yi} is aqc and the limit of this is
precicely the smash product of the limits of {Xi} and {Yi}. It them follows that THH of our
aqc tower is aqc, and [CMM18, Lemma 5.17] says that a aqc tower in CycSp has aqc TC in
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Sp, which wraps things up. 4

The reduction from K-theory to TC is clear.

Proof of Theorem 13.13. By Theorem 12.2 we see K inv(R) ' K inv(R⊗Z Z/pi), which reduces
us the K-theory statement to Theorem 13.15.

From our derived statement we now obtain the generalised Geisser-Hesselholt theorem.

Proof of Theorem 13.8. Consider the towers (of spectra) {R ⊗Z Z/pi} and {R/pi} and the
obvious map

{R⊗Z Z/pi} → {R/pi}.

The fiber of this map is the tower {ΣR[pi]} with transition maps multiplication by p, and the
bounded p-torsion hypothesis implies this tower is almost nilpotent. We now obtain the p-adic
continuity for TC as we did in Theorem 13.16 and then p-adic continuity for K-theory as we
did in Theorem 13.13.
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14 Derived mod p black magic, or “the call of K-thulu” (Ste-
fano Ariotta)

In Talk 12 we showed K inv(R, I)/n vanishes for Henselian pairs (R, I), and in Talk 13 we used
this to show continuity results for K-theory. In this talk, we would like to further explore the
ramifications of Theorem 12.2.

Goal 14.1. Given a local ring R which is strictly Henselian57 of residue char p, then

K inv(R)/p ' 0.

This will be addressed as Theorem 14.5 following [CMM18, Theorem C].

14.1 The inverse Cartier operator

Given an Fp-algebra A, one can define a graded commutative algebra Ω•A as58

Ω•A = ∧•ΩA =
⊕
i≥0

Ω∧iA ,

which has the structure of a cdga from the differential operator

d: Ω•A → Ω•+1
A , adb1 ∧ · · · ∧ dbn 7→ a ∧ db1 ∧ · · · ∧ dbn.

From this we construct a map σ : A→ Ω1
A define as,

a 7→ ap−1da,

which one should interpret as d
(
ap

p

)
. It is purely calculational to check the following facts.

• For each a, b ∈ A we have

σ(ab) = (ab)p−1(bda+ adb) = bpσ(a) + apσ(b).

• For each a ∈ A we have

d(σ(a)) = (p− 1)ap−2da ∧ da = 0.

• For each a, b ∈ A we have

σ(a+ b) = σ(a) + σ(b) + d

(
(a+ b)p − ap − bp

p

)
.

59

57A local ring R is strictly Henselian if it is Henselian with respect to its maximal ideal and the residue field
is separably algebraically closed (see [Aut19, Tag 04GF]).

58One can consider A as either an Fp-algebra or a Z-algebra here as ΩA/Z
'−→ ΩA/Fp is an isomorphism, as

Z→ Fp is surjective.
59Notice the similarities to δ-rings, which are mostly cosmetic. “I find this upsetting”.
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From this we can define a derivation

A→ ϕ∗H1
dR(A), a 7→ [σ(a)],

where φ∗H1
dR(A) is H1

dR(A) with A-module structure twisted by the Frobenius φ : A → A.
Whenever we use σ this Frobenius twist will be implicit, so φ∗ will not appear anymore in our
notation (although it will still be lurking just under the pages).

Definition 14.2. The inverse Cartier operator is a map C−1 : ΩA → H1
dR(A) → H•dR(A)

given by
adb 7→ [apbp−1db].

As σ(da) ∧ σ(da) = a2(p−1)da ∧ da = 0 this extends to a map

C−1 : Ω•A → H•dR(A) ⊆ Ω•A/dΩ•A.

If A regular (or even simply ind-smooth60), then C−1 this latter map is an isomorphism (see
[GL00, Section 2] for an argument for smooth Fp-algebras). There were some details skipped
in Talk 12 involving the groups νn(A) and ν̃n(A), which we can more confidently define now.

Definition 14.3. Given A an Fp-algebra, then we define the module of logarithmic de Rham-
Witt forms as

WΩn
A,log := Ωn

A,log := νn(A) := ker
(
1− C−1 : Ωn

A → Ωn
A/dΩn−1

A

)
,

and ν̃n(A) := coker(1− C−1).

The name comes from the fact that the following diagram commutes,

WΩn
A/p = νn(A) WΩn

A/p

Ωn
A Ωn

A/dΩn−1
A

1−F

1−c−1

,

and is in fact both Cartesian and coCartesian. Moreover, the universal Teichmüller represen-
tative [·] : R→Wr(R) gives us,

d log[·] : R× →WrΩ
1
A, a 7→ d[a]

[a]
,

which in turn induces a map

d log[·](R×)⊗n →WrΩ
n
A, a1 ⊗ · · · ⊗ an 7→ d log[a1] ∧ · · · ∧ d log[an].

The following theorem is from [CMM18] in which parts 1 and 2 are referenced to [GL00] and
[GH99], respectively, and we’ve already mentioned it in passing in Talk 12.61

60A morphism f : X → Y of schemes is called ind-smooth if it can be written as an filtered colimit of smooth
morphisms. See the proof of Theorem 14.5 for a map that is clearly ind-smooth but not smooth.

61“This is the “black magic” part of the title”.
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Theorem 14.4 ([CMM18, Theorem 4.28]). Let R be an ind-smooth Fp-algebra. Then for all
n ≥ 0, we have the following.

1. There exists a natural map πn(K(R)/p)→ νn(R) which is an isomorphism if R is local.

2. There exists a natural short exact sequence

0→ ν̃n+1(R)→ πn(TC(R), p)→ νn(R)→ 0,

and the map in 1 is given by the composition of the map induced by the cyclotomic trace
composed with the second map above. Note62

3. If R is local, then πn(K inv(R), p) ' ν̃n+2(R).

Gluing all of these statements together we obtain the following commutative diagram,

πn(K(R)/p)

0 ν̃n+1(R) πn(TC(R)/p) νn(R) 0

πn−1(K inv(R)/p)

'

'

.

Above, the both the row and column are split exact, with isomorphism where indicated. This,
and of course Theorem 12.2, will be one of the driving forces for the rest of this talk.

14.2 The result

Theorem 14.5 ([CMM18, Theorem C]). Let R be a strictly Henselian ring, which is local of
residue characteristic p. Then

K inv(R)/p ' 0

See [CMM18, Section 6] for more discussion.

Proof. By Theorem 12.2, it is sufficient to prove for the case when R is a separably closed
field k. The idea now is to use Theorem 14.4 to reduce everything to a computation about
de Rham complexes. Start by choosing transcendent basis for the field k as an Fp-algebra.
This gives us two field extensions Fp → Fp(xi∈I) and Fp(xi∈I) → k, where the first is a
purely transcendent extension and the second is an algebraic extension. We would like to
show Fp → k is actually ind-smooth. Note that Fp → Fp(x) is clearly ind-smooth, as Fp(x) is
the colimit of an inductive system of localizations of Fp[x, y]. Choosing a well-order of I, we
see the composition

Fp
ind−smooth−−−−−−−→ Fp(x)

ind−smooth−−−−−−−→ Fp(x, y)→ · · · colim−−−→ Fp(xi)i∈I

62Note that by part 1, if R is local, then this above short exact sequence splits.
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is then ind-smooth. The extension Fp(xi∈I)→ k is algebraic, separable, and Fp-perfect, hence
finite separable, therefore étale, and in particular ind-smooth. Hence the map Fp → k is
ind-smooth. By Theorem 14.4, it is sufficient to show that ν̃n(k) vanishes for all n ≥ 2, i.e.,
to show the map 1− C−1 is surjective. Let ω ∈ Ωn

k , so ω = a · db1 ∧ · · · ∧ dbn. For some x we
then have

(1− C−1)(xω) (x− xpap−1bp−1
1 · · · bp−1

n )︸ ︷︷ ︸
λ

ω,

where we want λ = 1. Since k is separably closed, then there exists an x ∈ k such that λ(x) = 1
and hence C−1 − 1 is surjective.63 Therefore ν̃n(k) vanishes and we are done.

A corollary64. of the above theorem is the following, which states that K ét is quite similar to
TC.65

Corollary 14.6 ([CMM18, Theorem 6.3]). Let X a proper scheme over R, where R is a ring
which is Henselian along (p). Then the natural map

K ét(X)→ TC(X),

is a mod p equivalence.

Many more details also appear in [CM19].

Sketch of proof. Let πn(K /p) denote the étale sheafification of the functor πn(K(−)/p) over
an arbitrary scheme X, and the same for πn(T C /p). Let i denote the closed immsersion

(X ×SpecZ Spec F)ét → Xét,

then Theorem 14.5 (and the statement that TC /p vanishes on rings where p is invertible) is
equivalent to the statement that for all n ∈ Z there is an equivalence

πn(T C /p) ' i∗i∗πn(K /p),

recognised by some natural map relating to the cyclotomic trace. The pullback and then
pushforward means that our étale K-theory sheaf is only supported on one particular prime.
The desired result then follows from some technical statements.66 4

63This is exactly the same idea the last part of the proof of part 1 of Theorem 12.2.
64Whose proof we will give “...by bad drawings and buzz word casting.’
65Here K ét is the étale Postnikov sheafification of the K-theory presheaf, which is constructed by taking the

limit of the étale sheafified Postnikov tower of K.
66Just to scare the reader, statements such as: proper base change, descent spectral sequences, étale coho-

mological dimension of R, etc..
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15 Bounding torsion in relative K-theory (Martin Speirs)

This talk is strongly connected to Talk 16 (we’ll prove a weaker theorem now) and also to
Talk 13 which highlighed how the cyclotomic trace can give us can give us structural results
forK-theory from TC. Essentially, we are going to obtain our result today using trace methods.

15.1 Bounded p-torsion

Definition 15.1. Let A be an Abelian group. We say A has bounded p-torsion there exists
an N such that pNA = 0. We say a ring R has bounded p-torsion if the underlying Abelian
group (R,+) does. The same definition works for natural numbers p which are not prime (see
Talk 16).

Example 15.2. Obviously Z/pn has bounded p-torsion and (Z/p)∞ too, but Z, (Z/2× Z/3×
Z/4× · · · ), and Q do not.

Let F : AlgZ → Sp. Then we may ask the following.

Question 15.3. If A has bounded p-torsion, does πqF (A) have bounded p for all q ∈ Z.

Remark 15.4. The quantifier order is important here, and it is a little ambiguous above. We
are simply asking if for every q ∈ Z the object πqF (A) has bounded p-torsion, not that this
p-torsion is uniformly bounded for all q.

Example 15.5. A non-example is K-theory, as on observes that K0(Fp) ' Z. An actual
example is HH(−) satisfies this condition, essentially because if A is commutative, then for
all πqHH(A) is naturally an A-module.67

A more exciting example is cyclic homology.

Proposition 15.6. The functor HC answers Question 15.3 in the affirmative.

Proof. We have HC(A) = HH(A)hT, and we have a spectral sequence to calculate the homo-
topy groups of homotopy orbits,

H∗(T;π∗HH(A)) =⇒ HC∗(A).

The following is a technique we will use a lot, as the homotopy orbit spectral sequence is first
quadrant and homological, and we obtain our result as the full subcategory of Ab of bounded
p-torsion forms a Serre class.68

67When A is non-commutative, then as nA = 0 we see then Z → A factors through Z/n, so HH∗(Z/n) →
HH∗(A) views HH∗(A) as an HH∗(Z/n)-module, and hence a Z/n-module, and we see each HHq(A) has
bounded n-torsion.

68Recall if we have a first quadrant homological spectral sequence with each element in the E2-page sitting
in a Serre class C of Ab, then each value of the abutment term is also in C. This can be seen by noting that such
a spectral sequences converges strongly, and Serre classes are closed under taking subobjects and quotients.
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Given a (p)-cyclotomic spectrum X, then we have a map X
ϕp−→ XtCp , and we can form the

following pullback diagram,

TR2(X) X

XhCp XtCp

R

φ .

More generally we have TRn(X) = XCpn−1 where XG are the genuine G-fixed points of a
genuine G-spectrum X.69 Given a ring A, we define TRn(A) = TRn(THH(A)).

Proposition 15.7. For all n ≥ 2 the functors TRn(−) answer Question 15.3 in the affirma-
tive.

Sketch of proof. Let X = THH(A) for some E1-ring A. Then we have the diagram

XhCp XCp = TR2(X) X

XhCp XhCp XtCp

R

can

.

This diagram is often called the Tate square (see [GM95, (D)]), so the top and bottom rows
are fiber sequences, and the right square is Cartesian. For n ≥ 3 one can use the fiber sequence

XhCpn−1 → TRn(X)
R−→ TRn−1(X),

and induction. 4

15.2 Main theorem

The following is Theorem A of [GH11].

Theorem 15.8 (Geisser-Hesselholt). Let A be a ring and I a nilpotent ideal of A and p is
nilpotent in A. Then Kq(A, I) has bounded p-torsion.

Recall that we have already see (in Theorem 8.10) that we have an isomorphism of Abelian
groups

Kq(Fp[x]/x2, (x)) '
∏

finite

Z/ps, q ≥ 0, odd,

so at least this fits with our current array of calculation.

Outline of proof. Our proof will break down into three steps which we outline here, and will
be individually proved momentarily.

69We do not have time to get into the intricacies of equivariant stable homotopy theory, so we will refer the
interested reader to [NS18, Section II.2] which has a multitude of references.
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1. The first step is to reduce to square zero ideal.

2. The second step is to reduce to split square zero ideals.

3. The third (and final) step is to then compute and ask questions about (−)hG, in which
is is very important there is a first quadrant spectral sequence computing what we want,
so that things don’t get to out of hand.

4

Recall that the Dundas-Goodwillie-McCarthy theorem (see Theorem 7.2) says K(A, I) '
TC(A, I) for (A, I) as in Theorem 15.8 above, so we now let F (−) be either relative K or
relative TC.

Proof of step 1. Assume that Im = 0, then Im−1 is a square zero extension, and we consider
the the composite

A→ A/Im−1 → A/I.

One then considers the following diagram of spectra,

F (A, Im−1) F (A, I) F (A)

0 F (A/Im−1, I/Im−1) F (A/Im−1)

0 F (A/I)

.

One then observes the right rectangle and the bottom-right squares are all pullbacks, so the
top-right square is a pullback. The top rectangle is also a pullback, so the top-left square is a
pullback. This is equivalent to the existence of a fiber sequence

F (A, Im−1)→ F (A, I)→ F (A/Im, A/Im−1).

By induction on m we are done, i.e., we are reduced to the base case where m = 2.

Proof of step 2. Suppose I2 = 0 and consider A→ A/I. We choose a free simplicial resolution
(A/I)•

ε−→ A/I of A/I as a simplicial Z-algebra (see [Aut19, Tag 08N8]). We can then define
another simplicial ring A• by the pullback of simplicial rings,

A• (A/I)•

A A/I

f•

' '
f

.

Now we have maps fk : Ak → (A/I)k which we can split, as they are surjective and map into
free Z-algebras. Consider our functor F and the Bousfield-Kan spectral sequence comparing
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the homotopy groups of the geometric realization of F (Ak) to the homotopy groups of each
Ak,

E1
s,t = πsF (At) =⇒ πs+t|k 7→ F (Ak)|.

Applying F (−) = TC(−) we essentially have

“E1
s,t = TCs(At, I) =⇒ TCs+t(A, I)′′,

which is only in quotes because this is not really a spectral sequence, but rather a pro-spectral
sequence, and we don’t want to talk about this. The conclusion follows. 4

Proof of step 3. Assume that A → A/I has a section70, so that A ' B n I. In this case the
THH(A) is the geometric realization of the cyclic bar construction applied to B ⊕ I, and the
B(m) from Talk 8 (which give us a filtration of THH(A) which we write as THH(A;m)) is
the geometric realization of the assignment k goes to the summands of (B ⊕ I)⊗(k+1) with
exactly m-many copies of I.71 The upshot (as in Talk 8) is that we have a T-equivariant
decomposition of THH(A) as

THH(A) 'T

⊕
m≥0

THH(A;m),

a slight generalization of (8.2). Now we need a description of the cyclotomic structure on T,
which we will obtain through abstraction.

Let X a p-cyclotomic spectrum, bounded below, together with a T-equivariant decomposi-
tion

X 'T

⊕
m≥0

X(m)

such that each ϕ : X → XtCp restricts to a map X(m)
ϕ−→ X(pm)tCp

This is a p-cyclotomic spectrum as presented in Lucy’s talk, but there’s another way to encode
the same structure using the TR construction from earlier in the talk together with the pullback
square of spectra,

TR2(X(pm)) X(m)

X(pm)hCp X(pm)tCp

R

ϕp

can

.

This construction comes with “restriction” and “Frobenius” maps

TRn(X(m)) TRn−1(X(mp ))

TRn−1(X(m))

R

F .

70Again, the example to keep in mind is (A, I) = (Fp[x]/x2, (x)) and B = Fp.
71This is using the fact A→ A/I has a section so that B n I is a split square-zero extension of B.
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The restriction map R comes from the definition of TRn, and the Frobenius map can be defined
as the natural inclusion (which also respects the given decomposition) We have an inclusion
(where F respects the weight decomposition)

TRn(X) XCpn−1

TRn−1(X) XCpn−2

F resp
n−1

pn−2
.

The traditional definition of TC is then the following, where we use [NS18, Theorem II.4.10]
to justify when it agrees with Definition 5.25.

Theorem 15.9 ([NS18, Definition II.4.4]). Let X p-cyclotomic, bounded below. Then

TC(X) = Eq

(
lim
F

TRn(X)
id,R−→−→ lim

F
TRn(X)

)

In our case of A = B ⊕ I and X = THH(A, I) =
⊕

m≥1 THH(A;m), we claim that

πq TC(A, I) ∼=
∏
(p,j)

πq

(
lim
F,n

TRn(A; ps−1j)

)

for s some natural number depending on p, q, and j (see [GH11, p.37]). We have another series
of claims to make now too.

Lemma 15.10. The connectivity of limF TRn(A; ps−1j) increases as j grows larger.

Idea of proof. Applying homotopy orbits does not mess up connectivity too much by the
homotopy fixed point spectral sequence, and we know THH(A;m) is (m − 1)-connective by
staring at the cyclic bar construction. This is discussed in more detail on [GH11, p.37]. 4

Lemma 15.11. The groups πq
(
limF TRn(A, ps−1j)

)
are bounded p-torsion for all choices of

q, s, j. 72

Sketch of proof. Set m = ps−1j. Have fiber sequences

lim
F,n

THH(A;m)hCpn−1 lim
F,n

TRn(A;m) lim
F,n

TRn(A; mp )

THH(A;m)hCpn−1 TRn(A;m) TRn(A; mp )

R

R

.

72These technical claims were accompanied by the claim: “By the way, no one wanted to give this talk.”
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By induction on the p-valuation of m ( = s − 1), it suffices to show that the homotopy fixed
points of THH∗(A;m) answers Question 15.3 in the affirmative. This is nice though, because
“This is homotopy orbits, that our favorite thing!”. We now have a (pro-) spectral sequence,

{E2
s,t(i)} {Hs(Cpi−1 ; THHt(A;m))} {πs+t THH(A;m)hCpi−1

}=⇒ .

Anything that has a circle action becomes a trivial T-action on homotopy groups (as the topo-
logical group T is acting on, what is essentially, a set). We know what the group homology T
is with of trivial actions are. This calculation allows us to make the usual spectral sequence
argument to conclude. 4

This finishes our proof of part 3 of Theorem 15.8.
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Q & A session II (Ben & David)

Question 15.12. Is any (large) role played by Hochschild cohomology in K-theory?

No.73

Question 15.13. Are there examples of trace theories which are not Kcyc,THH,TC, . . .?

Yes. There is a whole category of trace theories that we can take all different limits and
colimits of. Explicit, natural examples though, these are harder to find. Note that K and
Kend are not trace theories!

Question 15.14. Let S a quartic surface in P3
C (perhaps even a K3 surface). Can one compute

the TC(−),TC mod 3 of X?

Let us consider the specific equation (defining a Fermat surface)

x4
0 + x4

1 + x4
2 + x4

3 = 0

for concreteness (although it will not come up in the following argument). We then claim that

TC(Perf(X)) = TC(X) 6= 0

TC(Perf(X))/3 = 0.

Then we have an equivalence

TC(THH(X)) ' TC(HH(X/Q)).

As all primes in HH(X/Q) are invertible this is then equivalent74 to HH(X/Q)hT and this
is equivalent to a filtration on HC−(X/Q), however75, this contains HH(C/Q) where C has
uncountable transcendence degree over Q.76 This is an argument to see why TC(X) is nonzero.
To see TC(X)/3 vanishes, we note the chain of equivalences

TC(Perf(X))/3 ' TC(HH(X/Q))/3 ' TC(HH(X/Q)/3) ' 0.

Question 15.15. Is there a way to turn results about K-theory on pro-objects to a statement
about K-theory on formal schemes?

One should use something called “continuous K-theory”.77

Question 15.16. What are some actual computations of π∗TC(R) where R a commutative
ring/field?

73*laughter*
74“All of this fancy Nikolaus-Scholze does not matter. Full stop.”
75“Don’t get too excited.”
76“If X was defined over Q it would be finite dimensional and yummy.”
77This is all related to the deformational Hodge conjecture, which asks when one can left K-theory classes

on a formal scheme to K-theory classes on an actual scheme? This is unknown and seems difficult.
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Let k be a perfect ring of characteristic p, then we have equivalences

TC(k) 'W(k)1−F ' fib
(
W(k)

1−F−−−→W(k)
)
,

so TC(k) gives us the fixed points of the Frobenius. For example we have TC0(k) ' Zp

(see [KN19b, Remark 7.6]). Pushing further, we then see TC(k)/p ' fib(k
1−ϕ−−→ k), to

π0(TC(k)/p) ' Fp, a good sign. For higher homotopy groups, even π1, we look for y ∈ k
with x − xp = y. If k is separably closed (and perfect implies algebraically closed), then
TCi(k) = 0 for i ≥ 1. We also see K(k; Zp) ' Zp, and the cyclotomic trace is an equivalence.

There are more examples. Let O be the ring of integers of Cp, then TC(O; Zp) is equiva-
lent to p-completed connective complex K-theory, ku∧p . This was originally shown by Niseils
and rediscovered by Hesselholt.

Question 15.17. What’s the relation between THH(R) and THH(PerfR) for R ∈ AlgE∞(Sp)?

They’re the same.

Question 15.18. Did we define an invariant which is not Morita invariant?

Not on purpose, but it should be noted that “the identity functor on algebras isn’t”’.

Question 15.19. Can you send the recipe for today’s dinner to the participants?

“Sure.”

Question 15.20. What are the differences between smashing with a Moore spectrum vs Eilenberg-
MacLane spectrum of an Abelian group?

The Moore spectrum can be constructed by first giving a presentation of the group A,Z⊕J →
Z⊕I → A, and then using this first map to define a map between wedges of spheres, S⊕J → S⊕I .
The Moore spectrum of A is simply the cofiber of this map between spheres. Classically the
Eilenberg-MacLane spectrum HA (in these notes written as A, following [Lur17] and [Lur18])
is easy to define. We let HA be the Ω-spectrum (à la [Ada74, Chapter III]) to have nth level the
Eilenberg-MacLane space of A at n, K(A,n), with structure maps the homotopy equivalences

K(A,n + 1)
'−→ ΩK(A,n) (one can also use a simple argument and Brown representability,

though this only gives us a object of hSp). In our modern language, we have to use a result
about t-structures (à la [Lur17, Proposition 1.4.3.6(3)]) that the heart of Sp is precisely Ab.

The difference between smashing with these objects is that smashing with Moore spectra com-
mutes with the construction given above and this is absolutely not true for Eilenberg-MacLane
spectra.

Question 15.21. Can you explain the difference between Postnikov complete, hypercomplete,
and equivalence on stalks?

Hypercomplete means if all of your truncations are zero, then you are zero, and Postnikov
complete is stronger and says that in fact you are equivalent to a limit of your truncations.
These are all about behaviour at −∞ for hypercomplete and +∞ for Postnikov complete.
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16 Bounding torsion in relative K-theory II (Kristian Moi)

The theme of this whole workshop is to explore and apply the trace methods of [CMM18]
and the excision methods of [LT18]. In this talk we will see a result which is similar to
Theorem 15.8, but the proof will not use any mention of TC or THH. In other words, rather
than following the trace methods route of [GH11] we will use Theorem 10.1 and the classical
Quillen plus construction.

16.1 Land-Tamme method for bounding torsion

Theorem 16.1 ([LT18, Theorem D]). Let A be a discrete ring, I ⊆ A a two-sided nilpotent
ideal such that for some N > 0 we have N · I = 0. Then the relative groups K∗(A, I) are
bounded N -torsion.78

Consider an I which has torsion, but the ring R does not. In this case we can still apply
Theorem 16.1 above, but Theorem 15.8 from last time does not apply, so in this sense we have
a generalization of Theorem 15.8. For example, we can apply Theorem 16.1 to the ideal Z/N
inside Z o Z/N . It is also interesting to note that, much like most things in life, a statement
about discrete rings will be proven using results about E1-rings.

Assumptions 16.2. Throughout: fix N > 0. CN ⊆ Ab the class of bounded N -torsion
groups. Note that this class is closed under subobjects (in particular it contains the zero
objects), quotients, extensions, i.e., CN forms a Serre class - useful for the spectral sequences
arguments to come.

The following proposition starts to steer us in the right direction.

Proposition 16.3 ([LT18, Proposition 2.19]). Let A → B be a 1-connective map79 of con-
nective E1-rings with I = fib(A → B) such that its homotopy groups π∗(I) lie in CN . Then
K∗(A,B) also lies in CN , where K(A,B) is the fiber of K(A)→ K(B).

To prove this we need to the following standard result of Waldhausen.

Proposition 16.4 (Waldhausen). Let A be a connective E1-ring. Then there is an equivalence
of spaces

Ω∞K(A) ' K0(A)×BGL(A)+.

Proof of Proposition 16.3. There is a diagram of spaces from the functorality of the plus con-

78As mentioned in Remark 15.4, the order the quantifiers here is important. When we say a graded Abelian
group A∗ is bounded N -torsion, we are saying for every q ∈ Z the Abelian group Aq is bounded N -torsion.

79Recall a map X → Y of spectra is called 1-connective if it induces an isomorphism on π0 and is surjective
on π1.
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struction, whose rows are fiber sequences by definion,

F BGL(A) BGL(B)

F̃ BGL(A)+ BGL(B)+

'H 'H . (16.5)

It is a fact about the plus construction that it induces an isomorphism on (co)homology with
any (local) coefficients. The K-theory of the fiber of an n-connective map is always (n + 1)-
connective (this is essentially Theorem 10.11), so

π0F̃ ' π0F ' π1F̃ ' π1F ' 0, (16.6)

which is important to run various Serre spectral sequences honestly. For k ≥ 2, we also have
πkF '

⊕
πk−1I, where the large direct sum is finite, which one can see by continuing the top

fiber sequence of (16.5) to the left and using that taking these fibers of GL(−) is equivalent
to taking the fibers of the matrix rings. Notice that πk−1I lies in CN , so πkF also lies in CN .
From this, a standard Serre class argument tell us the homology groups H̃∗(F ; Z) also lie in
CN . The relative Serre spectral sequence of the top row of (16.5) takes the form

Hp(BGL(B), Hq(∗, F )) =⇒ Hp+q(BGL(B), BGL(A))

where Hq(∗, F ) = H̃q−1(F ). As the E2-page of the above spectral sequence lies in CN , and
this is a first quadrant homological spectral sequence, we see the abutment term also lies in
CN . Similarly, we have a relative Serre spectral sequence for the bottom row of (16.5) then
takes the form

Hp(BGL(B)+; H̃q−1(F̃ )) =⇒ Hp+q(BGL(B)+, BGL(A)+)
'←− Hp+q(BGL(B), BGL(A)).

(16.7)
The abutment terms lie in CN as they are isomorphic to something we know to be in CN , hence
the E2-page terms,

Hp(BGL(B)+; H̃q−1F̃ ),

also lie in CN .80 Our goal now is to show H∗(F̃ ) is in CN , which is essentially another Serre
class argument, but with subtleties. We know in the (0, 3) position of our spectral sequence
(16.7) is H0(BGL(B)+;H2F̃ ). As this is the first nonzero row by (16.6) we see this term is
isomorphic to a homology group of the abutment term which is in CN , which is our base case
done. We now claim that H∗F̃ trivially twists the cohomology of the E2-page, which would
allows us to make an inductive argument based on the rows of (16.7). This shows all H∗(F̃ )
lie in CN . As F̃ is simply-connected, π∗F̃ lies in CN by Serre class theory.

We are essentially done, but Proposition 16.4, that we have been using the whole time, tells
us nothing about K0. The induced map on K0 is an isomorphism though as A → B is
1-connective. Negative K-groups vanishes as is [BGT13, Theorem 9.53].

Notice that all of the arguments we have just made could have been made in the 1970’s. The
story will change now.

80“Bounded N -torsion is contagious...be careful with that.”
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16.2 Proof of [LT18, Theorem D]

Recall that A is a discrete (not necessarily commutative) ring, I ⊆ A a two-sided nilpotent
ideal, and N · I = 0 for some N ≥ 1.

Proof of Theorem 16.1. Without loss of generality we will assume I2 = 0, following the short-
cuts of the proof of part 1 of Theorem 15.8.

Definition 16.8. Define the dga C∗(I, A) as

C(I, A) = (· · · → I ⊆ A→ 0→ · · · )

where A is in degree zero and I in degree 1, and C(I, A/I) as

C(I, A/I) =
(
· · · → I

0−→ A/I → 0 · · ·
)
.

We then use [Lur17, Proposition 7.1.4.6] (originally ideas of Shipley [Shi07]) to view these
objects as E1-rings.

We then have the following diagram of spectra,

A A/I

C(I, A) C(I, A/I)

I[1] I[1]

, (16.9)

where the top square is a pullback of E1-rings, and the columns are cofiber sequences. Let R

be the Land-Tamme ring of Theorem 10.1, R = C(A, I)�C(I,A/I)
A A/I. We can then consider

the following diagram of spectra,

K(A,A/I) K(A) K(A/I)

K(C(I, A)) K(R)

K(C(I, A/I))

, (16.10)

where the center square is a pullback of spectra by Theorem 10.1. We claim the map R →
C(I, A/I) is a 1-truncation, i.e., it induces an isomorphism on π0 and π1, and is surjective on
π2. Again, by Theorem 10.1 we know that, as a spectrum,

R ' A/I ⊗A C(I, A) ' A/I ⊗L
A A/I,
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as C(I, A) is a resolution of A/I as an A-module. This means that π0R ' A/I, and π1R '
I/I2 ' I. More generally, we see for k ≥ 2

π2R ' TorAk (I, A/I) ' TorAk−1(A/I, I),

where the shift in Tor-groups is due to the resolution

0→ I → A→ A/I → 0

and the fact A is a flat A-module. We note that all Tor-terms lie in CN as I lies in CN .81 Let
G be the fiber fib (K(R)→ K(C(I, A/I))), which measures the failure of the center square of
(16.10) to be a pushout. From this definition we have a fiber sequence

ΩG→ K(A,A/I)→ K(C(I, A), C(I, A/I)).

From this fiber sequence we notices it suffices to show K∗(C(I, A), C(I, A/.I)) lies in CN .
Consider the diagram

A/I ' C(I, A) C(I, A/I)

A/I

'

This provides us with a splittingK(C(I, A/I)) ' K(A/I)⊕H. From (16.9) we see C(I, A/I)→
A/I is an isomorphism on π0 and surjective on π1. Moreover, the fiber of C(I, A/I) → A/I
lies in CN , so we may apply Proposition 16.3 and we’re done.

81Indeed, the groups TorAk (A/I, I) can be calculated by taking a flat resolution in A/I and then we have
another simple Serre class argument.
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17 Truncating invariants and cdh-descent (Achim Krause)

One of the main results of Land-Tamme is that so-called truncating invariants satisfy a certain
kind of descent related to abstract blowups.

Assumptions 17.1. Although this talk is mostly about algebraic geometry, it will all be
performed in the higher categorical language. This means global sections, tensor products,
pullbacks, and all other (co)limit constructions are implicitly derived.

17.1 Truncating invariants

Recall, the definition of a weakly localizing invariant as a functor E : Catperf
∞ → Sp which sends

Morita equivalences to equivalences and sends exact sequences to (co)fiber sequences.

Definition 17.2. A weakly localizing invariant E is truncating if for any connective ring R
the induced map

E(R)→ E(π0R)

is an equivalence.

A consequence of the Dundas-Goodwillie-McCarthy theorem (see Theorem 7.2) is that K inv

is truncating.82 One can also show that TP (defined as THHtT) is truncating for Q-algebras,
see for example [Goo85, Theorem IV.2.1].

It might seem surprising, as this definition is vacuous when restricted to discrete things, but
we’ll see in this talk that truncating invariants can give us information about discrete rings.

Lemma 17.3. If E is truncating, then E is nil-invariant , so E(R)→ E(R/I) is an equiva-
lence if R is an ordinary ring and I is nilpotent.

Proof. As-per-usual (à la the proof of part 1 of Theorem 15.8) we can reduce to the case where
I2 = 0. As in the proof of Theorem 16.1 we consider the pullback diagram of ring spectra,

R R/I

C(I,R) C(I,R/I)

.

The bottom and right maps are isomorphisms on π0, and we are now placed to run a Land-
Tamme-style argument: we obtain a pullback of spectra after applying E, where the bottom-
right object is E of the mysterious � construction of Theorem 10.1. The isomorphisms on π0

and the fact E is truncating give us the result.

Recall the following definition from Example 2.8.

82Here we have to use the intuition that higher homotopy groups of ring spectra are nilpotent thickenings
of their π0 (see [Lur18, p.1385]).
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Definition 17.4. The cdh-topology83 is given by the cd-structure consisting of

1. Nisnevich squares, so (1-categorical pullback) squares of the form

U ×X V U

V X = U ∪ V

π

j

,

where j is an open immersion, and π is étale and single sheeted on the complement of
V , so one has an isomorphism π−1(X \ V )

∼−→ X \ V , and

2. abstract blow up squares, so (1-categorical pullback) squares of the form

D X̃

Y X

,

where the bottom map is a closed immersion, the right map is proper, and an isomor-
phism on X \ Y .

The goal of this talk is to discuss the proof of the following theorem.

Theorem 17.5 ([LT18, Theorem E]). Truncating invariants satisfy cdh-descent on qcqs schemes.

For this we need to prove that (since we know weakly localizing invariants satisfy Nisnevich
descent by Remark 3.11) truncating invariants satisfy excision with respect to abstract blowup
squares.84

Proof outline of Theorem 17.5.

1. First one shows excision for actual, “regular” blowup squares, then

2. one shows excision for “derived blowup squares” and then truncating gives us a statement
for actual blowup squares, and finally

3. one applies some black magic (actual algebraic geometry), involving explicitly expressions
in sheaf cohomology.

4
We will follow the argument for part 185. Parts 2 and 3 can be found in [LT18, Appendix A].

83“The “h” stands for “h”.”
84Achim notes that these abstract blowup squares “Can be pretty wild”.
85As it is a “really cool argument”.
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Figure 1: Blowup of the plane along the origin. The family of lines passing through the origin
lifts to a family of disjoint lines through the exceptional divisor in the blowup.

17.2 Blowups

Definition 17.6. Suppose that X = SpecA for some ring A, and Y ⊆ X is a closed subscheme
with defining ideal I ⊆ A. We then define the blowup of X along Y as

BlY (X) = Proj(A
(0)
⊕ I

(1)
⊕ I2

(2)
⊕ I3

(3)
⊕ · · · ),

where the gradings correspond to the powers of I. This is naturally a scheme over X.

For a general scheme X we can do a relative Proj (so like relative spectrum) of a closed
subscheme Y ⊆ X, and make a similar definition with OX -algebras. Today, we’ll mostly focus
on the affine case.

Definition 17.7. The base change of the blowup along A → A/I is called the exceptional
divisor,

D = BlY (X) ' Proj(A/I
(0)

⊕ I/I2

(1)

⊕ I2/I3

(2)

⊕ · · · ).

See Figure 1 above for a particular example.

If I is generated by a regular sequence (f0, . . . , fn), then the exceptional divisor is Proj of a
polynomial algebra on the generators f i inside I/I2, and we obtain Pn

A/I . If we look at the

preimage of X \ V (f) for some f ∈ I, i.e., we base change to A[f−1], we see this kills the
cokernel of In → A, and turns the graded algebra A⊕ I ⊕ I2 ⊕ I3 ⊕ · · · to

A[f−1]⊕A[f−1]⊕A[f−1]⊕ · · · .

Taking Proj of this graded algebra gives us SpecA[f−1]. From this we see p : BlY (X)→ X is
an isomorphism away from Y .
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Definition 17.8. Over BlY (X), we let O(d) be the quasi-coherent sheaf associated to the
graded module86

A
(−d)
⊕ I

(−d+1)
⊕ I2

(−d+2)
⊕ · · · = (A

(0)
⊕ I

(1)
⊕ I2

(2)
⊕ · · · )[−d],

where the notation (n) denotes the degree of that summand.

Warning 17.9. It is important to note, that contrary to the non-graded case, the functor
Modgr

R∗
→ QCohProjR∗ given is not an equivalence for a graded ring R∗.

Example 17.10. For example, bounded graded R∗-modules are sent to contractible quasi-
coherent sheaves on ProjR∗. Indeed, if M∗ is a bounded R∗ module and M its associated
quasi-coherent sheaf over ProjR∗, then one notes that ProjR∗ has an affine cover by inverting
an element in degree 1 (think of Pn

R = ProjR[X0, . . . , Xn]), and as M∗ is bounded, then these
degree one elements must act nilpotently. Hence M is Zariski locally trivial, and therefore
trivial.

Remark 17.11. It is easy to check O(d) ⊗ O(d′) ' O(d + d′) for any d, d′ ∈ Z, hence these
sheaves generate a copy of the integers in the Picard group of BlY (X). One can also obtain a
map O(1)→ O(0) by considering the following diagram.

I
(0)
⊕ I2

(1)
⊕ · · · A

(0)
⊕ I

(1)
⊕ · · · = O(0)

A
(−1)
⊕ I

(0)
⊕ I2

(1)
⊕ · · · = O(1)

'

The top map is the obvious inclusion of graded modules, and the left map is also the inclusion
indicated by the grading. As the cofiber of the left map is bounded, it must be an equivalence,
hence we obtain a map O(1)→ O(0). Notice that the cofiber of the top map is A/I ⊕ I/I2 ⊕
· · · = j∗OD, where D is the exceptional divisor.

Lemma 17.12 (Localization lemma). Consider a qcqs scheme X, a quasi-coherent sheaf F ,
and a line bundle L on X with section s ∈ π0Γ(X;L). Write Xs = X \V (s). Then the natural
map

colim nΓ(X,F ⊗ L⊗n)
s−n−−→ Γ(Xs,F)

is an equivalence.

Proof. On affines where L is trivial, this is the statement that localization can be written as
a colimit. Under our assumptions, we can get the global statement, as we have a finite (qc)
nice (qs) cover of X by affines, and we use the fact that finite limits comute with filtered
colimits.

Lemma 17.13. Let X = SpecA be an affine scheme. If the ideal I is regular, I = (f0, . . . , fn),
then Perf(BlY (X)) is generated by O(−d), d ≥ 0. Similarly, Perf(D) is generated by OD(−d).

86See [Har83, p.116],“since this is not affine, it was a bit alien to me.”
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Proof. BlY (X) is covered by Ui = SpecA
[
fi
fj
| j 6= i

]
. These are the complement of the

vanishing locus of fi ∈ Γ(O(1)). Given any nonzero F ∈ Perf(BlY (X)), it is supported on one
Ui. By the localization lemma, we can write

0 6= Γ(Ui,F) = colim dΓ(Bly(X),F ⊗ O(d))

= colim dmapModOBlY (X)
(O,F ⊗ O(d))

= colim dmapModOBlY (X)
(O(−d),F)

So mapModOBlY (X)
(O(−d),F) is nonzero for some d and the result follows.

Lemma 17.14. Actually87 Perf(X) is generated by OBlY (X) and j∗OD(−d) for 1 ≤ d ≤ n.
Similarly, Perf(D) is generated by OD(−d) for 0 ≤ d ≤ n.

Proof. We first show that Perf(X) is generated by OBlY (X) and j∗OD(−d) for 1 ≤ d. This
follows from the fact that there are fiber sequences

O(1)BlY (X) → OBlY (X) → j∗OD,

or equivalently,
OBlY (X) → O(−1)BlY (X) → j∗O(−1)D,

which imply that OBlY (X) together with j∗OD(−d) for 1 ≤ d generates the same subcategory
as O(−d)BlY (X) for 0 ≤ d, which is everything.

Now, to prove the claim, we just need to show that over Perf(D) is generated by OD(−d) for
0 ≤ d ≤ n, the rest follows from this by applying j∗. To see this, consider the Koszul resolution
of the graded module R = A/I over the graded algebra

A/I ⊕ I/I2 ⊕ I2/I3 ⊕ . . . = R[f0, . . . , fn],

with fi in degree 1. This takes the form

R← R[f0, . . . , fn]←
n+1⊕

R[f0, . . . , fn][1]←
(n+1

2 )⊕
R[f0, . . . , fn][2]← . . . ,

where [i] denotes shifting the degree by i. Passing from this complex of graded modules to a
complex of quasicoherent sheaves over D = Proj(R[f0, . . . , fn]), the bounded above module R
gets killed and we obtain an exact complex

O(0)←
n+1⊕

O(1)←
(n+1

2 )⊕
O(2)← . . .← O(n+ 1),

which, after shifting by tensoring with O(−n − 1), yields a way to express O(−n − 1) as a
colimit of copies of O(−d) for 0 ≤ d ≤ n, and inductively proves that all O(−d) for d > n are
generated by the ones for 0 ≤ d ≤ n, which finishes the proof.

87“We can get less,” as in our ∞-categories of perfect modules are generated by fewer objects.
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It follows that we now have a filtration

Perf(BlY (X)) ⊇ Perf(`)(BlY (X)),

where the right-hand side is generated by OBlY (X), j∗OD(−d) for 1 ≤ d ≤ `. Similarly we have
a filtration

Perf(D) ⊇ Perf(`)(D).

Theorem 17.15. Let X be affine. Then we have the following diagram of categories,

Perf(X) Perf(0)(BlY (X)) · · · Perf(n)(BlY (X)) Perf(BlY (X))

Perf(Y ) Perf(0)(D) · · · Perf(n)(D) Perf(D)

' =

' =

,

where the vertical maps induce equivalences on Verdier quotients in the above filtrations.

Corollary 17.16 ([LT18, Lemma A.1(iii)]). Let X be a qcqs scheme with a closed regular
subscheme Y . If E weakly localizing invariant, then

E(X) E(Y )

E(BlY (X)) E(D)

is a pullback square of spectra.

As K-theory is a weakly localizing invariant, we see the K-theory of blowups is perhaps
something that we can study (see Talk 18 and [KST18]).
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18 Weibel’s conjecture (Charanya Ravi)

One of the crowning achievements of the modern approach to algebraic K-theory is the proof
of Weibel’s conjecture. In this talk, we will see a statement and a proof of this conjecture.
The first proof came in [KST18] but we will follow much of [Ker17].

Assumptions 18.1. The first half of this talk takes place in classical algebraic geometry
unless explicitly stated otherwise.

18.1 Statement of the conjecture

The following is now Theorem B of [KST18].

Theorem 18.2 (Weibel’s conjecture). Let X be a Noetherian scheme of dimension d. Then

1. Ki(X) = 0 if i < −d,

2. Ki(X ×Aj) ' Ki(X) for all i ≤ −d and for all j ≥ 0.

First let’s recall what negative K-theory is, following Bass (see [Bas68, p.677]).

Definition 18.3 (Bass). For i < 0 and a scheme X, let

Ki(X) = coker(Ki+1(X[t])⊕Ki+1(X[t−1])→ Ki+1(X[t±1])),

where X[t] = X ×A1
0, X[t−1] = X ×A1

∞, X[t±1] = X ×Gm, and Gm = A1
0 ×A1

∞.

Of course, this is equivalent to the negative K-groups one obtains from Theorem 3.9. If X is
regular, then Ki(X) = 0 for all i < 0. This is because for every j > 0 we have

K−j(X) ' Z
(
Vec(X ×Gj

m

)
/) ∼,

where the relation ∼ is given by [V ] = 0 if and only if [V ] is the image of a class in Vec(X×Aj),
and the regularity of X implies that all such [V ] are of this form (this is originally explored in
[Bas68]). The main steps of the proof of Theorem 18.2 are as follows.

1. If X ′
p−→ X is a resolution of singularity, then [γ] ∈ K−j(X) we have [p∗(γ)] = 0 in

K−j(X
′). In the absence of a resolution of singularities, by a “Platification” argument

(also used on [KST18, p.31] and [Ker17, Section 2] where the reader is refered to [RG71,
Section 5]) can get K−j(X

′) and p : X ′ → X a blow-up such that p∗([γ]) = 0.

2. Next we need to show K−j(X) ' K−j(X
′). We cannot use cdh-descent, as K-theory

is only weakly localizing and not a truncating invariant. It is possible to use a sort of
“pro-truncating” argument to get through this (this is the original approach of [KST]),
however, we are going to use another (arguably simpler) approach which using an iso-
morphism of relative K-groups in very negative degrees (depending on the dimension of
X) for abstract blow-up squares (an the ideas of Kerz, see [Ker17]).
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We will use the following classical theorem, which one can find stated as [Ker17, Proposition
2] and found in [Bas68].

Theorem 18.4 (Bass-Milnor-Musthy). For a ring map A → A′ and an ideal I ⊆ A which
maps isomorphically onto an ideal I ′ ⊆ A′, then induced map

Ki(A, I)
'−→ Ki(A

′, I ′)

is an isomorphism for i ≤ 0.

We can translate this into a more geometric statement as follows.

Corollary 18.5 ([Ker17, Corollary 3]). For a finite morphism of affine Noetherian schemes
f : X ′ → X and Y ↪→ X a closed immersion such that f is an isomorphism over X \ Y , then
the map

Ki(X,Y )→ Ki(X
′, Y ′)

is an isomorphism for i ≤ 0, where Y ′ = X ′ ×X Y .

Proof. Let X = SpecA, X ′ = SpecB, and I ⊆ A the ideal defining Y . From our hypotheses,
there exists an N > 0 such that φ(IN )B ⊆ φ(A) and IN ker(φ) = 0, where φ : A → B is the
map of rings corresponding to f . The Artin-Rees lemma (see [Aut19, Tag 07UL]) says that
IN ∩ ker(φ) = 0 (perhaps replacing N), which splits our φ into

A→ A/ ker(φ)→ B,

and the problem is now broken into a injection followed by a surjection of rings, and we then
use the previous theorem.

It is now a fact that Ki is nil-invariant for i ≤ 0.

Corollary 18.6 ([Ker17, Corollary 5]). Let X be a Noetherian scheme, Y ↪→ X a closed
subscheme, and f : X̃ → X a finite morphism which is an isomorphism over X \ Y . If
dim(X) = d and E = f−1Y , then the natural map

Ki(X,Y )→ Ki(X̃, E)

is an equivalence for all i < −d.

Proof. First we use the Zariski descent spectral sequences,

Ep,q2 = Hp(X, K̃−q,(X,Y )) =⇒ K−p−q(X,Y ), Ep,q2 = Hp(X, (f∗K−q,(X̃,E)
)∼) =⇒ K−p−q(X̃, E),

where the K̃−q,(X,Y ) denotes the Zariski sheafification of the assignment of opens on X given
by

U 7→ π−qK(U, Y ∩ U),

and similarly for K−q,(X̃,E)
. We now compute the spectral sequences and use Corollary 18.5

for affines, and the fact that Hp(X,F) vanishes for p > dim(X).

101

https://stacks.math.columbia.edu/tag/07UL


18.2 Application of derived algebraic geometry

Remark 18.7. It is also a fact that for a qc separated derived scheme88 X which has a covering
by (d+ 1)-affine open subschemes, then the natural map

Ki(X)
'−→ Ki(π0X)

for all i ≤ −d (see [Ker17, p.5]). This follows by a Čech-style spectral sequence to reduce
to the affine derived scheme case, and then the rest by an argument similar to the proof of
Proposition 16.3.

Proposition 18.8 ([Ker17, Proposition 10]). Let X = SpecA be a Noetherian local scheme,
Y ↪→ X a closed subscheme, d = dim(X), X̃ = BlYX, f : X̃ → X, and E = f−1(Y ). Then
the natural map

f∗ : Ki(X,Y )
'−→ Ki(X̃, E),

for i < −d.

If K-theory here was replaced with K inv, then everything would work in all degrees as we
know K inv is a truncating invariant (essentially Theorem 7.2) and then Theorem 17.5 would
simply flow straight through. The remarkable thing about this statement is that we can still
obtain some type of statement for K-theory!

Proof. Replacing I by some power of I we are redued to the case when I is generated by
{a0, . . . , ar} with r < d (this doesn’t change the set-theoretic image of I, i.e., this is a safe
reduction). Choose a Noetherian ring A′, elements a′0, . . . , a

′
r which form a regular sequence

inside A′ with a map A′ → A such that a′i 7→ ai for all i. Setting X ′ = SpecA′ and Y ′(n) =

SpecA′/(a′0
2n , . . . , a′r

2n) , then we obtain a blow-up square

BlY ′(m)X
′ E′(m,n)

X ′ Y ′(n)

.

The derived pullback of this whole Cartesian square along X → X ′ then gives us

X̃(m) E(m,n)

X Y(n)

,

88A derived scheme is a topological space X with a sheaf of derived rings O, whose stalks are local derived
rings, such that (X, (π0O)∼) is a classical scheme, (πnO)∼ are quasi-coherent sheaves on (X, (π0O)∼), and for
an affine open U of (X, (π0O)∼) the natural map

πn(O(U))
'−→ (πnO)∼(U)

is an isomorphism for all n ≥ 0. See [Toë14] for some more details. The reader who prefers E∞-rings might
also enjoy [Lur18, Section 1.1].

102



for any m,n ≥ 0. Using version of Corollary 17.16 for derived blow-ups (see [KST18, Theorem
3.7] and [Ker17, Proposition 10]) we see the following natural map

Ki(X,Y(n))
'−→ Ki(X̃(n), E(n, n)) (18.9)

is an equivalence for all n ≥ 0 and all integers i. Furthermore, as the negative K-groups of
derived objects (ring spectra, simplicial rings, derived schemes, etc.) depend only on their zero
truncation (see [BGT13, Theorem 9.53] or [KST18, Theorem 2.16]), hence the natural map

Ki(X,Y(n))
'−→ Ki(X,Y ) (18.10)

is an equivalence for all i ≤ 0 and all n ≥ 0. As discussed in Remark 18.7 above, it is a fact
about derived schemes with a covering by (d+ 1)-many affines that the natural map

Ki(X̃(n), E(n, n))
'−→ Ki(π0X̃(n), π0E(n, n)) (18.11)

is an equivalence for all i < −d and n ≥ 0. We have a Cartesian square

X̃ E(n)

π0X̃(m) π0E(m,n)

, (18.12)

as in Corollary 18.6, from which one observes the natural map

lim
n
Ki(π0X̃(m), π0E(m,n))

'−→ lim
n
Ki(X̃, E(n)),

is also an equivalence for all i < −d and all m ≥ 0. In summary, we have equivalences

Ki(X,Y ) '
(18.10)

limnKi(X,Y(n))

'
(18.9)

limnKi(X̃(n), E(n, n))

'
(18.11)

limnKi(π0X̃(n), π0E(n, n))

'
(∗)

limm limnKi(π0X̃(n), π0E(m,n))

'
(∗)

limm limnKi(π0X̃(m), π0E(m,n))

'
(18.12)

limnKi(X̃, E(n))

' Ki(X̃, E),

for all i < −d, where (∗) refers to reindexing of limits.

Proof of Theorem 18.2. Assume step 1 for now, we work by induction on the dimension of
X. We can assume that X is affine from the following lemma, which is essentially [KS17,
Proposition 3] but we’ll quote [KST18, Proposition 6.1].
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Lemma 18.13 (Kerz-Strunk). Let X be a Noetherian scheme of dimension d. If Ki(OX,x) = 0
for all x ∈ X and all i < −dim(OX,x), then

Ki(X) = 0

for all i < −d.

We can then assume X is local, affine, and even reduced. Let i < −d and choose some
γ ∈ Ki(X). By “Platification” (see Proposition 18.14 below), there exists a blow-up X ′

p−→ X,
so X ′ = BlZX. Let E = p−1(Z) such that dimZ < dimX and p∗(γ) = 0 inside Ki(X

′). We
then look at

0 = Ki+1(E) Ki(X
′, E) Ki(X

′) Ki(E) = 0

0 = Ki+1(Z) Ki(X,Z) Ki(X) Ki(Z) = 0

.

The zeroes here appear by induction and the middle-left vertical arrow is an isomorphism from
Proposition 18.8. The 5-lemma now tells us Ki(X

′) ' Ki(X) for i < d and hence γ = 0.

We will reference away this Platification result.

Proposition 18.14 ([KS17, Proposition 5]). Let X be a reduced Noetherian scheme. Let
f : X ′ → X be a smooth, quasi-projective morphism. Let k > 0 and let γ ∈ K−k(X ′). Then
there exists a blow-up p : X̃ → X such that p∗[γ] = 0 inside K−k(X̃

′) where X̃ ′ = X̃ ×X X ′.
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19 Epilogue (Ben Antieau)

The goal of this week was to explore the recent break throughs in algebraic K-theory and
some of their ramifications. To finish the week, let’s discuss future prospects and directions
we seem to be heading in.

19.1 After [CMM18], [KST18], and [LT18]

We will list a few natural ideas coming out of [LT18] and [KST18].

• Questions about the excision properties K-theory satisfies for rings was worked through
in [LT18], but what about more general objects. What about excision results for schemes,
stacks, or stable ∞-categories?

• What about the vanishing of negative K-theory for stacks? Does Weibel’s conjecture
continue or fail?

• Similarly, what about more interesting objects on schemes, such as Azumaya algebras
on schemes?

There is also the following general theorem of Antieau-Gepner-Heller.

Theorem 19.1 ([AGH19]). Let C be a stable ∞-category with a bounded t-structure. Then
we have the following.

1.
K−1(C) = 0.

2. If C♥ is Noetherian, then K−n(C) = 0, n > 0.

Notice that if one can actually calculate K−1(X) 6= 0 for a scheme X, then an interesting
ramification of this theorem is that Perf(X) cannot have a bounded t-structure.

Conjecture 19.2. If X singular, then there is no bounded t-structure on Perf(X).

There is also a related theorem of Drinfel’d, which can be found as [Dri06, Theorem 3.7].

Theorem 19.3 (Drinfel’d). Let R be a Henselian local ring. Then K−1(R) = 0.

This proof uses so-called Tate objects that not many people understand, so it would be nice
to reprove or recover this result with some Kerz-Strunk-Tamme-style argument.89

In the vein of Clausen-Mathew-Morrow, one might ask what other truncating invariant satisfy
rigidity with respect to Henselian pairs. A lot of great mathematics in [CMM18] comes from
the idea that “identity functor is pseudo-coherent”, so if we had other examples of this, we
can play the same types of games they do. It seems a little magical that K-theory pops out

89One might try an argument for Weibel’s conjecture using Nisnevich descent, but this won’t work as K−2(−)
won’t vanish in general.
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with such a “lovely” universal property, which is super special, yet “somewhat mysterious -
you just prove it.”

19.2 K-theory and chromatic homotopy theory

There is some upcoming work by Meier-Land-Tamme (see [MLT19]) which continues the Land-
Tamme story, this time, into chromatic homotopy theory.90 The following is work in progress.
First we need to discuss an ε of chromatic homotopy theory. The interested reader is referred
to [Rav04] and [Lur10].

Fix a prime number p which we are implicitly working with from now. There are two types
of localizations in chromatic homotopy theory91: localizing at the spectra K(n) (the Morava
K-theory spectrum) and T (n) (one calls this telescopic localization). To discuss the latter, we
let Xn be a finite type n-spectrum, meaning a finite type spectra with a self-map vn : Xn → Xn

inducing an isomorphism on K(n) homology. For example, if n = 0 then K(0) is the Eilenberg-
MacLane spectrum Q, and if n = 1 then K(1) is a summand of KU/p, and using this one can
find examples of these vn-self maps.

A map E → F in Sp is a vn-equivalence (the same as a T (n)-equivalence) if it is an equivalence
after smashing with Xn[v−1

n ] for some finite type n-spectrum Xn with a vn-self-map. It is a
theorem that T (n)-equivalences are K(n)-local equivalences, and the converse statement is
unknown and called the telescope conjecture (it is known to to hold true for n = 0 and 1).

Now, “it would be cool if algebraic K-theory satisfied étale descent”. This would be a dream.92

If this were true, then we would obtain a descent spectral sequence of the form

Es,t2 = Hs
ét(X,πtK/`) =⇒ K ét

s+t(X)/`

for any ` 6= p. Gabber rigidity would then give us K(OX,x)/` ' K(k(x))/`. As we alluded
to above, this is absolutely not true, but Thomason noticed something nice. If we localize
with respect to K(1), then the functor LK(1)K does satisfy étale descent (this is discussed on
[CM19, p.3]), so there does exist a spectral sequence

Es,t2 = Hs(X,Z/`(t)) =⇒ LK(1)K2t−s(X)/`.

The Bloch-Kato conjecture implies that these things are not actually too different, and this
idea gives us most of our methods for computations of the K-theory of integers. A classical
calculation of Quillen (see Theorem 4.11) tells us that K(Fp)/p ' Fp. One can also check that
KU/p⊗Fp ' 0.93 The following theorem of Mitchell brings this type of result one chromatic
level higher.

90It was stated that these authors “use these Land-Tamme things the way they’ll be used in the future”.
91A discussion of these two types of localization can be found in [Lur10, Lecture 29].
92“Like some dreams, it’s not true.”
93If one believes in chromatic homotopy theory, one can see this by observing the spectrum KU/p⊗Fp has

the additive and multiplicative formal groups, hence it must have rational homotopy groups, which means they
vanish.
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Theorem 19.4 (Mitchell). One has LK(2)K(Z) ' 0. This implies LK(2)K(R) ' 0 for any
ring R as Z is the initial ring.

The natural question that comes up is the following (keep in mind the implicit prime number
p floating around).

Question 19.5. Does the spectrum LK(1)K(Z/pn) vanish?

The answer is yes.94 One solution is the following unpublished work of Bhatt-Clausen-Mathew.

Theorem 19.6 (Bhatt-Clausen-Mathew). For any fixed prime p one has a natural equivalence

LK(1)K(R) ' LK(1)K

(
R

[
1

p

])
.

This statement was proved using prismatic cohomology, a very new a fancy idea. There is
another approach to this question though, using the ideas of Land-Tamme.

Theorem 19.7 (Land-Meier-Tamme). Let f : R→ S be a map of connective E1-rings which
is n-connective and a v1, . . . , vn-equivalence. Then the induced map Kcn(R) → Kcn(S) is a
v1, . . . , vn-equivalence.

Sketch of Question 19.5. The proof is performed by induction on n. The base case of n = 1 is
a check, so now assume true for n− 1 where n ≥ 2. Consider the following diagram of rings,

Z/pn Z/pn−1

Z/pn−1 Z/pn−1 n Z/pn−1[1]

,

which one can check is a Cartesian square of E∞-rings through some formal deformation
theory. Applying Theorem 10.1 we obtain the following pullback square of spectra,95

K(Z/pn) K(Z/pn−1)

K(Z/pn−1) K (LT )

, LT = Z/pn−1 �Z/pn−1nZ/pn−1[1]
Z/pn Z/pn−1

We know the upper-right and lower-left K-theory spectra are K(1)-acyclic, i.e., they vanishes
after K(1)-localization from our hypotheses. We therefore what to show

A = K(Z/pn−1 ⊕ Z/pn−1[1])

is zero after K(1)-localization, for which is suffices to show the map from LK(1)K(LT ) to A
is K(1)-local equivalence. We now check the natural map LT → A is 1-connective and a
v1-equivalence, and then invoke Theorem 19.7, which gives us our desired conclusion. 4

94“It is kind of hilarious that it wasn’t answerable until the present”.
95“I can’t figure out which side is the erase-y part....”
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Proof of Theorem 19.6. One can rewrite Perf(R on (p)) as the colimit over certain module
categories of objects in PerfR,

Perf(R on (p)) ' colim
n→∞

ModZ/pn(PerfR).

As K-theory commutes with filtered colimits, one has the following fiber sequence of spectra

colim
n→∞

K(ModZ/pn(PerfR)) ' K(Perf(R on (p)))→ K(R)→ K(R[
1

p
]). (19.8)

Each term in the colimit on the left-hand side is a K(Z/pn)-module for some n ≥ 1, and
as colimits commute with LK(1)-localizations, the answer to Question 19.5 in the negative
tells us K(Perf(R on (p))) is K(1)-acyclic. As (19.8) is a fiber sequence, we see the map
K(R)→ K(R[1

p ]) is a K(1)-local equivalence.

On the more topological side of things, there is a fiber sequence (originally due to Blumberg-
Mandell in [BM08], but which can also be proven using Theorem 4.14),

K(Z)→ K(ku)→ K(KU),

where one should keep in mind that KU ' ku[β−1]. From Theorem 19.4 we know LK(2)K(Z)
vanishes so the map ku → KU induces a K(2)-local equivalence between K-theory spectra.
It is now a general observation of Land-Meier-Tamme that this can work for any E1-map
ku→ A.

Theorem 19.9 (Land-Meier-Tamme). Let ku → A be a map of E1-algebras. Then we have
a natural equivalence

LK(2)K(A) ' LK(2)K

(
A

[
1

β

])
.

Compare with with Theorem 19.6, which is, in some sense, a statement in a setting one
chromatic level lower. To show Theorem 19.9 it suffices to show LK(2)K(ku/βn) vanishes.
More is actually true. It turns out that truncations of E1-rings have K(2)-trivial K-theory.

Exercise 19.10. Prove that for any m ≥ 2,

LK(2)K(τ≤mS) ' 0,

using Theorem 10.1 and Theorem 19.7.96

96This is not hard and is easily “something to do on your train ride home”.
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